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ABSTRACT

In this paper, we introduce and investigate the generalized Blaise sequences and we deal with, in detail,
two special cases, namely, Blaise and Blaise-Lucas sequences. We present Binet's formulas, generating
functions, Simson formulas, and the summation formulas for these sequences. Furthermore, we show that
there are close relations between Blaise, Blaise-Lucas and Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted
Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers. Moreover, we give some identities and matrices
related with these sequences.

Keywords: Blaise numbers; Blaise-Lucas numbers; Jacobsthal-Padovan numbers; Jacobsthal-Perrin numbers;
adjusted Jacobsthal-Padovan numbers; modified Jacobsthal-Padovan numbers.
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1 INTRODUCTION [1]), Jacobsthal-Padovan sequence {Qn.}.>0 (OEIS:
A159284, [1]), and modified Jacobsthal-Padovan

Adjusted Jacobsthal-Padovan sequence {K,}.>o sequence {M,},>o are defined, respectively, by the

(OEIS: A159287, [1]), Jacobsthal-Perrin (Jacobsthal- third-order recurrence relations

Perrin-Lucas) sequence {L,}.>o (OEIS: A072328,
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Kn+s = Kpy1+2K,, Ko=0,K:1=1,Ks =0, (1.1)
Lnys = Lpg1+ 2Ly, Lo=3,L1=0,L2 =2, (1.2)
Quts = Qnt1+2Qn, Qo=1,01=1,Q2=1, (1.3)
Mpts = Muyy1+2M,, Mo =3,M; =1,M> = 3. (1.4)

The sequences {Qn }n>0, {Ln}n>0, {Kn}n>0 and {M,}.>o can be extended to negative subscripts by defining

1 1

K, = —-K_ n— K- n—3)
g B=(n-1) T 5B —(n-3)
1 1

L = —-L_ n— L n—3)»
1 1

an = _iQ—(n—l) + §Q—(n—3)7
1 1

M_, = _§M—(n—1) + QM—(n—3)7

forn = 1,2,3,... respectively. Therefore, recurrences (1.1)-(1.4) hold for all integer n. For more information on
Jacobsthal-Padovan sequence, see [2] and [3].

Now, we define two sequences related to Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-
Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers. Blaise and Blaise-Lucas numbers are
defined as

Bn:Bn_2+2Bn_3+1, with B() :O,Bl = 1,32:1, n23,
and

Cn=Cn2+2Cn_3—2, with Co=4,C1=1,02=3, n>3,
respectively. The first few values of Blaise and Blaise-Lucas numbers are

0,1,1,2,4,5,9,14, 20, 33,49, 74, 116, 173, ...

and
4,1,3,7,3,11,15,15,35,43,63, 111, 147,235, ...

respectively. The sequences {B, } and {C,} satisfy the following fourth order linear recurrences:
B, = Bn.1+Bn2+B,3—-2B,_4, By=0,B1=1,B>=1,B3 =2, n >4,
C, = Cn,1+Cn,2+Cn,3—ZCn,4, Co :4701 = 1,02 :3,03:7, n > 4.
There are close relations between Blaise, Blaise-Lucas and Adjusted Jacobsthal-Padovan, Jacobsthal-Perrin

(Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers. For example, they
satisfy the following interrelations:

2B, = Knio+ Knp1 +2K, —1,

2C, = —Kpy2+6Kpp1+ Kn+2,
52B, = 2L, +9Lns1+ 10L,4s — 26,

Cn = Ln+1,

2B, = Qn+2 - 17

20, = —3Qn+2+2Qn41 +7Qn + 2,
46B, = 8Mpyo+5M,y 1 —2M, — 23,
46C,, = —bMpy2 —6My41 + 53M, + 46,
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and
2K, = —Bny2+3B,+1,
52K, = 9Ch42—Cpriy1 —6C, —2,
AL, = —3Bpis+14Bni1 — 9B, +1,
2L, = Cpts — Cpsta,
2Qn = —Bpy2+2Bpy1+Bn+1,
26Q, = 4Cp42+ Chi1 +6C, —11,
9M, = —Bpis+6Bns1—3B,+1,
26M, = 3Cnia+4Cny1 + 24C, — 31.

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e., Blaise,
Blaise-Lucas numbers). First, we recall some properties of the generalized Tetranacci numbers.

The generalized (r, s, t, u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci sequence)
{Wn(Wo, Wi, Wa, Ws;r,s,t,u) }n>o (OF shortly {W,},,>0) is defined as follows:

Wp =17Wpo1 4+ sWh_o +tWy_3 +uW,_4, Wo=co,W1 =c1,Wa=co, W3 =c3, n>4 (15)
where Wy, W1, Wa, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.
This sequence has been studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example [4,5,6,7,8,9,10,11,12]. The sequence {W,},>0 can be extended
to negative subscripts by defining

t s T 1
W_on=—-W_(no1) — —W_(nooy — —W_(no —W_(n—
a2 ) T W) — oWy T oW (neg)
forn =1,2,3, ... when u # 0. Therefore, recurrence (1.5) holds for all integers n.

As {W,} is a fourth-order recurrence sequence (difference equation), its characteristic equation is

or st —tz—u=0 (1.6)

whose roots are a, 3, v, §. Note that we have the following identities

at+Bty+s = 1
aft+oay+ad+By+Bi+v5 = —s,

affy +afd+ayd+By6 = t,
afyd = -—u.

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.1. (Four Distinct Roots Case: o # 8 # ~ # 0) For all integers n, Binet's formula of generalized
Tetranacci numbers is

n

- pa” pa" Py pid”
W= oA —a—8) T B-aB-NF -9 (-t -BG-8  G-ae-_pHE_7 7

where
p1o= Ws—(B+~+8)Wa+ (By+ B +~v0)Wi — BvdWo,
p2 = Wis—(a+v+)Wa+ (ay+ ad +v0) W1 — aydWo,
ps = Wis—(a+B+0)Wa+ (af + ad + B5)W1 — afdWo,
pa = Ws—(a+B+7)W2+ (aB+ay+ py)Wi —afyWe.
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Usually, it is customary to choose «, 3, v, § so that the Equ. (1.6) has at least one real (say «) solutions. Note that
the Binet form of a sequence satisfying (1.6) for non-negative integers is valid for all integers n (see [13]).

Next, we consider two special cases of the generalized (r, s, t,u) sequence {W,,} which we call them (r, s, ¢, u)-
Fibonacciand (r, s, t, u)-Lucas sequences. (r, s, t, u)-Fibonacci sequence {G,, }»>0 and (r, s, t, u)-Lucas sequence
{Hn}n>0 are defined, respectively, by the fourth-order recurrence relations

Gnis = 1Gpy3+ sGni2 +tGni1 + uGy, (1.8)
Go = 0,Gi=1,Go=7Gs=r"+s,

Hnya = rHpys+sHpio +tHp11 +uHy, (1.9)
Hy = 4,Hy=r,Hy=2s+7> Hs=r"+3sr+ 3t.

The sequences {G» }n>0 and { H, } >0 can be extended to negative subscripts by defining
t s r 1
G.n = —G_ n—1) — -G_ n—2) — -G n— -G_ n—4)s
2O T G2 Gy F G (i
t s T 1
H., = —--H_ n— - —H_ n— - —H_ n— —H_ n—4);
g ) T ) T () T (g
forn =1, 2,3, ... respectively. Therefore, recurrences (1.8) and (1.9) hold for all integers n.

For all integers n, (r, s, t,u)-Fibonacci and (r, s, ¢, u)-Lucas numbers (using initial conditions in (1.8) or (1.9)) can
be expressed using Binet’s formulas as in the following corollary.

Corollary 1.2. (Four Distinct Roots Case: « # 3 # ~ # &) Binet’s formula of (r, s,t,u)-Fibonacci and (r, s, t,u)-
Lucas numbers are

G an+2 Bn+2 ,Yn+2 5n+2
Tl BAa-Na-0 B-aB-NB-0  G-a0-Ar-0  G-a)b-BA0-7
and
Hn :an+ﬁn+,‘/n+5n7
respectively.

Proof. Take W,, = G,, and W,, = H,, in Theorem 1.1, respectively. O
Next, we give the ordinary generating function > W,z" of the sequence W,,.

n=0
Lemma 1.3. Suppose that fw, (z) = i W, z" is the ordinary generating function of the generalized (r, s, t,u)
n=0

sequence {Wy},>o. Then, > W, z" is given by

n=0

(1.10)

io: W — Wo + (Wl — TW())Z + (W2 —rWi — SWo)Z2 + (Wg —rWy — sW7 — tW0)23
v ne 1—rz— 522 —tz3 —uzt ’

Proof. For a proof, see Soykan [8, Lemma 1]. O

The following theorem presents Simson’s formula of generalized (r, s, ¢,u) sequence (generalized Tetranacci
sequence) {W,, }.

Theorem 1.4 (Simson’s Formula of Generalized (r, s, t, w) Numbers). For all integers n, we have

Wots Whao Wi o Wy Ws  Was Wh Wo
Whte Whia Wh Win-1 — ()" Wy  Wh Wo W_1
Wit W Who1 Wp_o W, W, W_1 W_o

Wn Wpot Who Wy_s Wo W_1 W_o W_3

(1.11)
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Proof. (1.11) is given in Soykan [14]. O

The following theorem shows that the generalized Tetranacci sequence W,, at negative indices can be expressed
by the sequence itself at positive indices.

Theorem 1.5. Forn € Z, for the generalized Tetranacci sequence (or generalized (r, s, t, u)-sequence or 4-step
Fibonacci sequence) we have the following:

1

W_n 6(—u>*”(—6W3n + 6H,, Wapn — 3H W, + 3Han Wy, + WoHy + 2WoHs,, — 3Wo H,, Hay,)

—n—1_—n 1 1
(=1) 7" T (Wan = HaWan + 5 (Hyy = Han)Wa — o (Hy + 2Han — 3Hop Hy)Wo).
Proof. For the proof, see Soykan [15, Theorem 1.]. O

Using Theorem 1.5, we have the following corollary, see Soykan [15, Corollary 4].

Corollary 1.6. Forn € Z, we have

(@) 2(—uw)"tG_, = —Bru®+t>—3stu)>GS — (2su—1t2)?G2 3G — (71> —tu+2rsu)’G2 5 G — (—st> +25%u+
du? + rtu)> G2 Gr + 2(3ru® + 3 — 3stu) ((—2su + t2)Grys + (—rt? — tu + 2rsu)Grio + (—st® + 25%u +
4% 4 rtu) Gt 1) G2 + 2(25u — t2) (—rt? — tu + 2rsu)Grg3Gri2Gr + 2(25u — t2)(—st? + 25%u + 4u? + rtu)
Gni3Gni1Gpn — 2(—st2 + 25%u + 4u® + rtu)(—rt2 — tu + 27rs5u)GniaGni1Gn — 2Ganu® + u2(—25u +
t2)02n+3Gn+u2(frtzftu+2rsu)G2n+2Gn+u2(fst2+252u+4u2+rtu)G2n+1 Gn72u2(2su7t2)GznGn+3+
20 (—rt? — tu + 2rsu) GonGrgz + 202 (—st? + 25%u + 4u? + 7tu) G2nGrg1 — 3u? (3ru® + 2 — 35tu) G2, G-

(b) H—n = % (7u)_n (H'?L + 2H3n - 3H2an) .

Note that G_,, and H_,, can be given as follows by using Go = 0 and Hy, = 4 in Theorem 1.5,
1

G_n = 6(—u)_"(—6G3n + 6H,Gan — 3H2Gy + 3H2,Gy), (1.12)
an = é (_u)—n (H'rgy, + 2H3n - 3H27LH7L) ) (113)

respectively.

If we define the square matrix A of order 4 as

r s t u
10 0 0
A=At = 01 0 0
0 0 1 0

and also define

Gn+1 SGn + th,1 + UGn72 th + Uanl UGn
Gn SGn—l + th—Q + UGn—S th—l + UGn—Q UGn—l

Bn - Gn—l 8G’n—2 + th—B + UGn—4 th—2 + UGn—B UGn—2
Gn72 SGn73 + th74 + ’U/anfy th73 + UGn74 UGn73
and
Wn+1 sWy +tWy_1 +ulWp_2 tWh +uWpn_1 uWhy,
U _ Wn SWn—l + th—2 + UWn—3 th—l + UWn—Q UWn—l

anl SWn72 + th73 + UWn74 th72 + Uan?: UWn72
Wh—o sWp_s+tWp_a+uWy_s5 tWh_3+uWp_a uW,_3

then we get the following Theorem.
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Theorem 1.7. For all integers m,n, we have

(@) B, =A", e,

ros t ou\" Grnt1  $Gn +tGp—1 +uGr_2 tGrn + uGn_1 uGhp,

1 0 0 O i Gn sGn_1 +tGn_o+uGn_3 tGn_1+uGn_o uGn_1
01 0 O - Gn-1 SGpn—2+tGn-3+uGn_s tGn_2+uGn_3 uGp_2
0 0 1 O Gn-2 8Gn_3+tGn_a+uGn-s5 tGn_3+uGn_a uGn_3

(b) U A™ = A™U;.
(€) Untm = UnBm = BnUp.

Proof. For the proof, see Soykan [8, Theorem 19]. O
Theorem 1.8. For all integers m,n, we have

Witm = WaGmi1 + Wa—1(8Grm + tG -1 + uGm—2) + Wp—2(tGm + uGm—1) + uWp_3Gn,. (1.14)
Proof. For the proof, see Soykan [8, Theorem 20]. O

In the next sections, we present new results.

2 GENERALIZED BLAISE SEQUENCE

In this paper, we consider the case r = 1,s = 1,t = 1,u = —2. A generalized Blaise sequence {W, },>0 =
{Wpn(Wo, Wr, Wa, Ws) }>0 is defined by the fourth-order recurrence relation

Wn = Wn—l + Wn—2 + Wn—S - 2Wn—4 (21)

with the initial values Wy = co, W1 = ¢1, Wa = ¢2, W3 = ¢3 not all being zero.
The sequence {W,}..>0 can be extended to negative subscripts by defining
1 1 1 1
W_n = §W7(n71) + EWf(n72) + §W7(n73) - §W7(n74)
forn = 1,2, 3, .... Therefore, recurrence (2.1) holds for all integers n.

Characteristic equation of {W,,} is
AP 2=(P—2-2)(2—1)=0

whose roots are

a = i/l + \/T7>8 + i/l — % ~ 1.521379706804568,

E e

B8 =

¥ = w231+£+w31_778’
9 9

5§ = 1,
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where

Note that

Note also that

w= _1%“/3 = exp(2mi/3).

a+B+y+d = 1,

af +ay+ad+ By + B+ o
affy + afd + ayd + Bvyo
afyd = 2.

([l
=
q)—‘

a+pB+vy = 0,
af+ay+py = -1,
afy = 2.

The first few generalized Blaise numbers with positive subscript and negative subscript are given in the following

Table 1.

Table 1. A few generalized Blaise nhumbers

n W W_n

0 Wo Wo

1 Wy 3 (Wo + Wi+ Wz — Ws)

2 Wao i (3Wo + 3W1 — Wy — W3)

3 Ws g (OWo + W1 + Wo — 3W3)

4 Wi —2Wo + Wa + W3 (11W()+11W1 + 3W, — 9W3)

5 2Wo — W1 — 2Wy + 2W3 % (33W0 +17TW, — TWy — 11W3)

[§ Wo — AWy 4 4W3 i4 (67TWo + 19W1 4+ 11Wo — 33Ws)

7 AWy — 8Wo + 5W3 35 (105Wo + 89W1 + Wa — 67TWs)

8 5Wy — 3W71 — 10Wy + 9W3 % (283Wo + 107W1 — 29W5 — 105W3)

9 6Wa — W1 — 18Wo + 14W3 % (497TWo + 225W7 + T3Wo — 283W3)
10 13Wo — 4W1 — 28Wo + 20W3 10124 (947TWo + 643W1 — 69Wo — 497W3)
11 16Wy — 8W; — 40Wy + 33Ws 2048 (2233W5 + 809W1 — 47TWo — 947Ws)
12 25Ws — TW1 — 66Wy 4 49W3 4096 (3851Wy + 2139W5 + 339W, — 2233Ws)
13 42W3 — 1TW1 — 98Wo + 74W3 8192 (8129Wy + 4529W1 — 615W> — 3851W3)

Note that the sequences {B,,} and {Cy} which are defined in the section Introduction, are the special cases of
the generalized Blaise sequence {W,,}. For convenience, we can give the definition of these two special cases of
the sequence {W,} in this section as well. Blaise sequence { B, }.>o and Blaise-Lucas sequence {Cy},»>o are

B
Cn

The sequences {B,}.>0 and {C,}.>0 can be extended to negative subscripts by defining

forn=1,2,3,...

defined, respectively, by the fourth-order recurrence relations

B,-1+Bn2+Bn,-3—2B,_4, By=0,B1=1,By=1,B3 =2, n >4,
Cno1+Crn2+Cn3—2Chy4, Co=4,C1=1C>=3,C3=7, n > 4.

1 1 1 1
Bon = 5B--n+3B--2) + 5B-(n-5) = 5B-(n-1)
1 1 1 1
Con = 501+ 502+ 50-(-3) = 50-(n-a)
respectively.

38



Soykan; AJARR, Asian J. Adv. Res. Rep., vol. 17, no. 1, pp. 32-53, 2023; Article no.AJARR.95531

Next, we present the first few values of the Blaise and Blaise-Lucas numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative subscripts

n 0o 1 2 3 4 5 6 7 8 9 10 11 12 13
B, 0 1 1 2 4 5 9 14 20 33 49 74 116 173
B o 0 o0 L _1 38 _»® _ 11 _3 _ 67 _105 _28 _ 497  _ 041

-n 2 4 B 16 32 64 128 256 512 1024 2048
c. 4 1 3 7 3 11 15 15 35 43 63 111 147 235
c 4 1 5 19 1 51 89 43 417 451 745 2971 2929 8243

—-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8102

Theorem 1.1 can be used to obtain the Binet formula of generalized Blaise numbers. Using these (the above)
roots and the recurrence relation, Binet’s formula of generalized Blaise nhumbers can be given as follows:

Theorem 2.1. (Four Distinct Roots Case: oo # 3 # v # § = 1) For all integers n, Binet's formula of generalized
Blaise numbers is

(an — a(l — Oz)Wz + (70(2 + 2)W1 — 2W())Ozn (5W3 — 5(1 — ﬂ)WQ + (*,32 + 2)W1 — QW())ﬂn

Wn = 20° 1 4o —6 + 28 1+ 45— 6
LOWs =9l —y)Wa + (=7 +2)W1 —2Wo)y" W3 — Wi —2W,
2y2+4y -6 2

Blaise and Blaise-Lucas numbers can be expressed using Binet's formulas as follows:

Corollary 2.2. (Four Distinct Roots Case: « # 8 # v # 6 = 1) For all integers n, Binet's formulas of Blaise and
Blaise-Lucas numbers are

n+3 n—+3 n+3 1
Bp= —o T SR— .
202 +4a—6  2824+48—-6 292 4+4y—6 2
and
Crn=0a"+p"+9"+1
respectively.

Note that for all integers n, adjusted Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-
Padovan, and modified Jacobsthal-Padovan numbers can be expressed using Binet’s formulas as

_ ;OATHJ ; n+1 ; n+1

B = e Te—at-" Th-eon-pn’
L, = oa"+8"+°",

(3a + 1) ot (35 + 1) n+1 (3'7 + 1) n+41

Mo = e TE-we-" Thoan-p"

On (a+1) o+ (B+1) gt (v+1) n4l

@-Ala-1" TB-aE- R E

respectively, see Soykan [2] for more details. So, by using Binet’'s formulas of Blaise, Blaise-Lucas and Adjusted
Jacobsthal-Padovan, Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-
Padovan numbers, (or by using mathematical induction), we get the following Lemma which contains many
identities:

Lemma 2.3. For all integers n, the following equalities (identities) are true:
(a)

M n+l1 = Bn+1 — B,.
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« 2K, = Bui3 — Bnis — Bug1 + Ba.
« 2Bnia =5Knio+ 9Kni1 + 6K, — 1.
« 2B, = Kpio+ Knp1 + 2K, — 1.

* 2K, = —Bpni2 + 3B, + 1.

(b) o 52K,13 =12C, 43 + 17Chyo — 11C, 11 — 18C.
¢ 52K, = Cnis — 2Cni1 + 9Cnio — 8Ch,.
o Chpa =6Kpyo+2Kp11 +4K, + 1.
e 2C, = —Kpio+6Ku41 + Kn + 2.
¢ 52K, =9Chi2 — Cpy1 — 6C, — 2.
o Cpa1 +6C, =18K, 11 + 2K, + 7.

(c)
M Ln+3 = 2Bn+2 + 4Bn+1 - 6Bn
¢ 4L, = Bpis — 3Bnss + 13Bns1 — 1B,
* 52Bpia = 30Lni2 + 53Lns1 + 58L, — 26.
« 52B, = 2Ly + 9Lni1 + 10Ly 2 — 26.
. 4Ln = 73Bn+2 —+ 14Bn+1 — an —+ 1.
* 4(10Bn+1 — 9Bn) = 14L, + 3Lp41 — 2.
(d)
. 2Ln+3 = 3Cn+3 — Cn+1 — 2Cn.
° 2Ln = Un+4+3 — On+1~
° C’n+4 - Ln+2 + 2Ln+1 + 1.
e Cp,=1Ly+1.
e L,=0C,—1.
(e)
° QTH»S = Bn+3 + B7L+1 - QBTL'
° 2Qn = Bn+3 - Bn+2 + Bn+1 - Bn
* 2Bpya = Qni2 +4Qni1 +4Qn — 1.
* 2B, = Qn+2 — 1.
° 2Qn - 7Bn+2 + 2Bn+1 + Bn + 1.
* 2Bnt1 = Qny1 +2Qn, — 1.
()

¢ 52Qn4s = 41Ch 13 + 18Cn 4o — 17Cn 41 — 42C,.
* 52Qy, = 11Ch4+3 + 8Chi2 — 9Cr4+1 — 10C,.

* Cnta = 4Qnt2 +2Qn41 — 4Qn + 1.

e 20, = =3Qn+2 + 2Qn+t1 + TQn + 2.

© 26Qn = 4Chis + Cry1 + 6C, — 11.

© 3Chi1 4200 =8Qni1 — 2Qn + 5.
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(@

(h)

Myt3 = Bnis 4+ 2Bni2 +3Bni1 — 6By,.
2M,, = Byut3 — Bnt2 + 5Bny1 — 5B,
46Bpt4 = 16Myto + 33M, 11 + 42M,, — 23.
46B,, = 8 M2 + 5Myi1 — 2M, — 23.

2M,, = —Bpi2 +6Bni1 — 3By, + 1.
2(8Bn41 — 5Bn) = Mp41 + 6M, — 3.

52M,, 45 = 99C, 45 + 20C, 42 — 29C, 41 — 90C,,.
52M,, = 31Cn 15 + 6Chi2 — 23Cn1 — 14C,.
23Ch 44 = 18M,, 42 + 40M,, 41 — 16M,, + 23.
46Cy, = —5Myi2 — 6 My i1 + 53M,, + 46.

26M,, = 3Cn12 + 4Cp i1 + 24C, — 31.

6Cn — 5Cni1 = 8M,, — 6M, 41 + 1.

Proof. We only prove K,,+1 = Bn+1 — B, by using Binet’s formulas of K,, and B,, as the others can be proved
similarly. By using Binet’s formulas, we get

Bn+1 - Bn

where

an+4 an+3 ﬂn+4 Bn+3 ,_yn+4 ,yn+3
= 2a2+40-6 20°+4da—6 287 143-6 2°143—6 22 4+4y—6 297 14v—6
1 n+3 1 n+3 1 n+3
_ 1o 157 1y
204+3  28+3  2v+3
1 n+2 1 n+2 1 n+2
= —————a"" 4+ —— 8 ———
(a=B)a—7) (B—a)(B—") (y=a)(y—=8)
= Kn+1
1 o _ 1
2a+3  (a=p)a—-9)
18 !
28+3 (B—a)(B—7)
1 7 ! . O
2y+3 (y—a)y—0)

Next, we give the ordinary generating function >~ W,z" of the sequence W,,.

n=0

Lemma 2.4. Suppose that fw, (z) = i W,.2z™ is the ordinary generating function of the generalized Blaise

n=0

sequence {W,}. Then, > Wy,z" is given by
n=0

iw o= WO+(W1—WO)Z+(W2—W1—WO)Z2+(W3—W2—W1—W0)ZS
o e 1—2—22— 234224 '
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Proof. Take r =1,s =1,t = 1,u = —2 in Lemma 1.3.
The previous lemma gives the following results as particular examples.

Corollary 2.5. Generating functions of Blaise and Blaise-Lucas numbers are

- z

Bnn = )
nZ:o z 1—2z—22—234224
iC’z" _ 4—-32—-222-23
s " T l—z— 22— 234224

respectively.

Proof. Set W, = Bn, Bo = 0,B1 = 1,BQ = 1,B3 = 2 and W, = Cn, C() = 4,01 = 1,02 = 3,03 = 7 in the
previous Lemma, respectively. O

3 SIMSON FORMULAS

Now, we present Simson’s formula of generalized Blaise numbers.

Theorem 3.1 (Simson’s Formula of Generalized Blaise Numbers). For all integers n, we have

Wn+3 Wn+2 Wn+1 Wn

Wn+2 Wn+1 Wn anl

Wiyt Wi Wi Wih_2
Wn Wn— 1 Wn—2 Wn—B

Wo)W3§ +2(Ws — Wy — 3Wo)W3 + (5Wa + 3Wa — 5Wo) WP + 4(Wa 4+ 2W1)WE — 2W1 WaWs + AW WaWs — 6Wo
WiWs).

= 273 (W — Wy — 2Wo) (W + 2W8 — WP — AW + (—=3Wa — Wi +

Proof. Take r = 1,s =1,t = 1,u = —2in Theorem 1.4. O
The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, the Simson'’s formulas of Blaise and Blaise-Lucas numbers are given as

respectively.

Proof. Set W, = Bn, By = O,Bl = 1,B2 = 1,33 = 2 and W, = Cn, Co = 4,01 = 1,02 = 3,03 = 7 in the

Bny3 Bni2 Bpga B

Bn+2 Bn+1 Bn Bn—l — 21'1,71

Bn+l Bn anl B'VL72 ’
Bn Bn—l Bn—Q Bn_g

C’n+3 Cn+2 Cn+1 Cn

C’n+2 C’n+1 Cn Cn—l _ o n+2

Cn+1 Cn Cnfl Cn72 132 ’
Cn Cn—l Cn—2 Cn—S

previous Theorem, respectively. O
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4 SOME IDENTITIES

In this section, we obtain some identities of Blaise and Blaise-Lucas numbers. First, we can give a few basic
relations between {W,,} and {B,.}.

Lemma 4.1. The following equalities are true:
(a) 16W, = (11Wo + 11W7 + 3Ws — 9W3)Bn+5 =+ (7W0 —9W7 — Wy + 3W3)Bn+4 — (17W0 + Wi+ 9Ws —
11W3)Br43 — (33Wo + 17TW1 — TW2 — 11W3) Brya.

(b) W, = (9Wo + Wi +Wy — 3W3)Bn+4 - (3Wo —5W1 +3W5 — W3)Bn+3 - (11W0 +3W1 —5Wsy — Wg)Bn+2 -
(11WQ + 11W71 + 3Wsy — 9W3)Bn+1.

(c) 4W,, = (3Wo + 3W1 — Wo — W3)Bpys — (Wo + W1 — 3Wa + W3)Brio — (Wo + 5W1 + Wo — 3W3)Bpy1 —
(9Wo + Wi+ W5 — 3W3)Bn.

(d) 2W,, = (Wo + W1 + Wa — W3)Bpyo + (Wo — W1 — Wa + W3)Bpt1 — (3Wo — Wi + Wa — W3)B,, — (3Wo +
3W1 — Wy — W3) B, 1.

(e) Wy =WoBny1+ (W1 —Wo)Bn + (Woe — W1 —Wo)Bn_1 + (W3 — W1 — Wa — Wy)Br_a.
Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wn =a X Bn+5—|—b>< Bn+4—|—c>< Bn+3+d>< Bn+2

and solving the system of equations

Wo = axBs+bxBs+cx Bs+dXx B
Wi = axBs+bxBs+cx Bs+dXxX Bs
Wa = axBr+bxBs+cXxBs+dx By
Ws = axBgs+bxBr+cX Bg+dXx Bs

we find that 16a = 11Wo+11W; +3Wo—9W3, 16b = TWo—9W; —Wa+3W3, 16¢ = 11Ws—W; —9Wo—17W), 16d =
Wy — 17TW,1 — 33Ws + 11W3. The other equalities can be proved similarly. O

Note that all the identities in the above Lemma can be proved by induction as well.
Next, we present a few basic relations between {W,,} and {C.}.

Lemma 4.2. The following equalities are true:
(a) 104W,, = —(56W0 +27TW1 4+ 2Wo — 33W3)Cn+5 — 2(5W0 —2W1 —4Ws + W3)Cn+4 —+ (60W0 + 15W7 +4W5 —
27TW3)Chts + 2(55Wo 4+ 30W1 — 5Wa — 28W3)Chpa.

(b) 104W,, = *(66Wo +23W1 —6Ws — 31W3)Cn+4 +4 2(2W0 —6W1+Wso+ 3W3)Cn+3 =4 (54W0 +33W71 —12W5 —
23W3)Cn+2 + 2(56Wo + 27TW1 + 2Wo — 33W3)Cn+1.

(C) 104W,, = —(GQWO + 35W71 — 8Ws — 37W3)Cn+3 — 2(6Wo — 5Wh + 3Ws — 4W3)Cn+2 + (46W0 + 31W7 +
10Wy — 35W3)Cn+1 + 2(66W0 + 23W1 — 6Wy — 31W3)Cn.

(d) 104W,, = —(74W0 +25W1 — 2Ws — 45W3)Cn+2 — 2(8W0 +2W1 —9Ws5 — W3)Cn+1 =+ (70W0 +11W1 —4Ws5 —
25W3)Cn -+ 2(62W0 + 35W1 — 8W4y — 37W3)Cn71.

(e) 104W,, = —(90Wo +29W;1 — 20Wo — 4TW3)Chn1 — 2(2Wo + TW1 + Wo — 10W3)Ch, + (50Wo 4+ 45W1 — 14Ws —
29W3)Cn71 + 2(74Wo + 25W71 — 2Wo — 45W3)Cn72.

Now, we give a few basic relations between {B,,} and {C,}.
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Lemma 4.3. The following equalities are true:

104B, = 37Cn4s + 8Cnis — 35Cnis — 62C, 10,
104B, = 45Ch44 4+ 2Cni3 — 25Cni2 — T4Ch41,
104B, = 47Cni3+420Ch42 —29C,4i1 — 90C,,
104B, = 67Cni2+ 18Chy1 —43C, —94C,, 1,
104B, = 85Cn41 +24C,, —27C,_1 —134C,,—2,
and
16Cn, = Bngs+37Bnia — 19Bny3 — 51Bngo,
8C, = 19Bni4—9Bnys —25Bni2 — Bni1,
4C, = 5Bnisz—3Bnyo+9Bni1 — 19B,,
2C, = Bpi2+7Bnt1 —7Bn —5Bp_1,
Cn = 4Bpy1—3Bn —2Bn_1 — Bn_o.

5 RELATIONS BETWEEN SPECIAL NUMBERS

In this section, we present identities on Blaise, Blaise-Lucas numbers and adjusted Jacobsthal-Padovan, Jacobsthal-
Perrin (Jacobsthal-Perrin-Lucas), Jacobsthal-Padovan, and modified Jacobsthal-Padovan numbers. We know from
Lemma 2.3 that

52B, = 2Ln+49Lng1 4 10L,42 — 26,
2C, = —3Qni2+2Qnt1+7Qn +2.
Note also that from Lemma 4.1 and Lemma 4.2, we have the formulas of W,, as
AW, = (3Wo+3Wi — Wy —Ws)Bnis — (Wo + Wi — 3Wa + W3)Bpyo

—(Wo + 5W1 + Wa — 3W3)Bpt1 — (9Wo + Wi + Wa — 3W3) By,
—(62WO + 35W1 — 8Wy — 37W3)Cn+3 — 2(6Wo — 5W1 4+ 3Ws — 4W3)Cn+2
+(46Wo + 31W1 + 10W2 — 35W3)Cht1 + 2(66Wo + 23W1 — 6W2 — 31W3)Cly.

Using the above identities, we obtain relation of generalized Blaise numbers in the following forms (in terms of
Jacobsthal-Perrin (Jacobsthal-Perrin-Lucas) and Jacobsthal-Padovan numbers):

104W,,

Lemma 5.1. For all integers n, we have the following identities:

(@) 52W,, = (4W3 —3Wso +5W, — GWU)Ln+2 + (W; +9Ws — 2W1 — 8W0)Ln+1 + 2(3W3 +Ws —6W1 + QWO)Ln —
26W3 + 26W71 + 52Wo.

(b) 2W, = (W1 — W0)Qnt2 + (Wa — W1)Qnt1 + (Ws — Wa — W1 + Wo)Qn — W3 + W1 + 2Wh.

6 ON THE RECURRENCE PROPERTIES OF GENERALIZED BLAISE
SEQUENCE

Takingr =1,s = 1,t = 1,u = —2in Theorem 1.5, we obtain the following Proposition.

Proposition 6.1. Forn € Z, generalized Blaise numbers (the caser = 1,s = 1,t = 1,u = —2) have the following
identity:
27n—1
3

W*'n = (_6W3n + 6CnW2n - 30721,Wn + 3C2an + WOC:, + 2W003n - 3W00n02n)~
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From the above Proposition 6.1 (or by taking G,, = B,, and H,, = C,, in (1.12) and (1.13) respectively), we have
the following corollary which gives the connection between the special cases of generalized Blaise sequence at
the positive index and the negative index: for Blaise and Blaise-Lucas numbers: take W,, = B,, with By = 0, B; =
1,B; = 1,B3 = 2 and take W,, = C,, with Cy = 4,C; = 1,C> = 3,C3 = 7, respectively. Note that in this case
H, =C,.

Corollary 6.2. Forn € Z, we have the following recurrence relations:

(a) Blaise sequence:

—n—1
Bon =2 (=6Bsn + 6CpBan — 3C2 By + 3Can Bn).
(b) Blaise-Lucas sequence:
—n—1
o, =2 (2 +2C50 = 3C2,C).

We can also present the formulas of B_,, and C_,, in the following forms.

Corollary 6.3. Forn € Z, we have the following recurrence relations:

—n—5

(a) B_, = 2 (—9633n +24(5Bn+3 — 3Bn+2 +an+1 — 1an)Bgn — 3(5Bn+3 —3Bn+2 +9Bn+1 — ].QB”)QB” +
12(5B2n+3 — 3Ban+2 + 9Ban+1 — 1982, ) By).
(b)
(i) 2" B = —K} K} 1 —2K; o+ (Kny2—6Kni1 —6Kn_1+2Kn_2)Kn + (Kns1— 12K, 2) K1 +
2Kon +2Kop—2 + 4Kop_4 — 2™.
(i) 2"2C_, = —K2—12K2 1 +4K?2 o+ (Knio—6Kn11—T2K,1—4K, o) Ky +12(Knp1 +2K, 2)Kno1+
2Ky + 24Koy o2 — 8Kap—a + 2"
(c)
(i) 13B_, = 2n1+2 (L2 + 912\ +20L2 5 — Lon — 9Lon_o — 20Lan_a — 13 x 27H1).
(i) 2"TrC_, = L2 — Ly, + 211,
(d)
(i) 2""B_, = 9Q% +4Q2_; + 21Q%_5 + 6Q2n—2 — 4Q2n—3 — 6Q2n—1 — 12QnQn_1 — 30QnQn—2 +
2062n7162n72 - 2n+1.
(i) 2" T*C_, = 63Q2 5 +64Q2 11 + 55Q2% 4+ 36Q2_1 — 252Q% _5 + 2(—105Qu+2 + 46Qn41 + 112Qp—1 +
180Qn—2)Qn —120(Qn+1+2Qn—2)Qn—1—84Qn+1Qn+2 +42Q2n+2 — 28Q2n+1 — 18Q2n — 16Q2,—1 —
96Q2n—2 + 48Q2n—3 + T2Q2s—4 + 2",
(e)
. 1
(i) 12167B_, = W(—75M5+2 +267M; 1 — 1811M7 + 19483M7_; + 56 816 M, _5 + 2(+565 M2 +

1128 My, 11 —1950M,, — 1 —9040 M, —2) My, —226(25 My 41 +96 My, —2) My, —1 —180 My 1 My 42 +6532 Moy, +
4140 Moy, —1 — 828 Moy 11 — 4370 Moy —o — 690 Moy, 1o + 13 248 Moy, —3 — 49 312My,,—4 — 12167 x 2712).
(ii) 12167C_, = QTL%(3975M§+2+4824M3+1+1854O7M3—44772M,21,1—71020Mﬁ,2+2(—29945Mn+2—

37014Mp 41 + 6336 M1 + 11300My—2) M, + 13560(Mnt1 + 2Mp—2)My_1 + 9540 M1 Myia +
36570 Moy, 42 +43884 Moy, 11 — 171626 Moy, — 9936 Moy, —1 +23184 Moy, 2 — 16560 Moy, —3+61640 Moy, —s +
12167 x 2"T4).
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Proof. We use the identities, see Soykan [16],

1

Kon = 5og (Ko +2Kon + Kng2 K = 6K g1 Kn),
Lo

Lfn = 2n+1 (Ln - L2n)7

and

an = TL% (9@37‘4'_2 +4Q?L+1 +21Qi+6Q2n+2 _4Q2n+1 _6Q2n - 12Qn+2Qn+1 _30Qn+2Qn+20Qn+1 Q’n)v M*n =
5o (108M; 1 +T5My 45 43551 M, 4690 Map 12 + 828 Man 1 — 3082 Moy + 180 My, 4 2 M, 1 — 1130 M, 12 My, —

1356 M,,41M,,).

We also use the identities

9B, = Kpio+ Knit+2Kn —1,

20, = —Knio+6Kni1 + Kn+2,
52B, = 2L, +9Lns1 + 10L,4n — 26,

Cn = Ln+1,

2B, = Qni2—1,

2C, = —3Qn+2+2Qni1+ 7Qn +2,
46B, = 8Mpyo 4+ 5Mny1 — 2M, — 23,
46C, = —5Myyo — 6Myyy + 53M, + 46.

(a) By using the identity 4C,, = 5Byn+3 — 3Bp+2 + 9Bn4+1 — 19B,, and Corollary 4.3, (or by using Corollary 1.6
(a)), we obtain (a).

(b) Since 2B, = Knia+ Kny1 + 2K, — 1,20, = —Knyo +6Kn1 + Kn +2and K, = 5257 (=K + 2Ka, +
Kni2K, — 6K,+1K,), we get (b)

(¢) Since 52B, = 2Ly, + 9Ln41 + 10Lni2 — 26, Cp = Ly, + 1 and L, = 5%+ (L7 — Las), We obtain (c).

(d) Since 2B, = Qni2 — 1,2Ch = —3Qni2 +2Qn+1 + 7Qn +2and Q_n = 545 (9Q7 12 + 4Q7 41 + 21Q7 +
6Q2n+2 — 4Q2n+1 — 6Q2n — 12Qn+2Qn+1 — 30Qn+2Qn + 20Qn+1Qx), we get (d).

(e) Since 46B, = 8M 42 + 5Mpi1 — 2M,, — 23, 46C,, = —5Mpuyo — 6Myiq + 53M, + 46 and M_,, =
s55mgmrs (L08M: 1 +75 M, 5 +3551 My +690 Mz 1 2+828 Moy 11 —3082 Moy, +180 My 2 My, 1 —1130 My 0 My —

1356 M, 1 M,,), we obtain (e). O

7 SUM FORMULAS

The following Corollary gives sum formulas of Jacobsthal-Padovan numbers.

Corollary 7.1. Forn > 0 we have the following formulas:

(@ > oQr= % (Qn+s + Qniz —2).
(b) Yr Qo =3 (Qany1 +2Q2n — 1).
(€) Yh_oQart1 = 5 (Q2nt2 +2Qa2n41 — 1).

Proof. Itis given in Soykan [2]. O

The following Corollary presents sum formulas of Blaise and Blaise-Lucas numbers.
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Corollary 7.2. Forn > 0, Blaise and Blaise-Lucas numbers have the following properties (in terms of Jacobsthal-
Padovan numbers):

(a)
(i) Xp_oBr = 2(3Qu+2 + 3Qni1 +2Qn — 2(n + 4)).
(Ii) ZZ:O B2k = i(2Q2n+2 + Q2n+1 + 2Q2n —2n — 5)
(iii)) >°7_ Bok41r = i(Q2n+2 +4Q2n+1 + 4Q2n — 2n — 5).
(b)

(1) ko Cr = Qni1 +3Qn +n.
(i) > o Cor = —Qant2 +2Q2n11 +2Q2n +n+ 1.
(iii) >°7_ o Cort1 = 2Q2n12 + Q2nt1 — 2Q2n + 1.

Proof. The proof follows from Corollary 7.1 and the identities

23n = Qn+2 - 17
2Cn = _SQn+2 + 2@n+1 + 7Qn + 2. g

8 MATRICES AND IDENTITIES RELATED WITH GENERALIZED BLAISE
NUMBERS

If we define the square matrix A of order 4 as

11 1 -2
1 0 0 O
A= 01 0 O
0 0 1 O
and also define
Bn+1 Bn + anl - 2Bn72 Bn - 2Bn71 72Bn
B, = Bn anl + B7L72 - 2Bn73 anl - QBTL72 _2Bn71
" Bn—l Bn—2 + Bn—3 - 2Bn—4 Bn—2 - 2Bn—3 _2Bn—2
Bn72 Bn73 + Bn74 - 2Bn75 Bn73 - 2371,74 72377,73
and
Wn+1 Wn + anl - 2Wn72 Wn - 2Wn71 _2Wn
U, — Wn anl + Wn72 - 2Wn73 anl - 2Wn72 _2Wn71
" Wn—l Wn—2 + Wn—3 - 2Wn—4 Wn—2 - 2Wn—3 _2Wn—2

Wn72 Wn73 + Wn74 - 2Wn75 Wn73 - 2Wn74 _ZWn73
then we get the following Theorem.
Theorem 8.1. For all integers m,n, we have

(@) B, =A",ie,

1 1 1 —2\" Bny1  Bn+ Bno1—2B,_o Bn —2B,_1 —2B,
1 0 0 O . B, Bn-1+Bn-2—2B,_3 Bp_1—2B,_2 —2B,_1
0 1 0 0 - Bn-1 Bn2+4+Bn-3—2Bn,-4 Bn_2—2B,_3 —2B,_ o
0 0 1 0 Bn—2 Bn—3 + Bn—4 - 2Bn—5 Bn—3 - 2Bn—4 _2Bn—3
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(b) U1A™ = A™U,.
(€) Unsm = UpBum = B Un.

Proof. Take r = 1,s =1,t = 1,u = —2in Theorem 1.7. O

Using the above last Theorem and the identity
2Bn = Qni2 — 1,
we obtain the following identity for Jacobsthal-Padovan numbers.
Corollary 8.2. For all integers n, we have the following formula for Jacobsthal-Padovan numbers:

Qn+3 -1 Qn+4 - Qn+3 _Qn+4 + 2Qﬂ+2 +1 _2Qn+2 +2

An — 1 Qn+2 -1 Qn+3 - Qn+2 _Qn,+3 + 2Qn+1 + 1 _QQn+1 + 2
2 Qn+1 -1 Qn+2 - Qn+1 *Qn+2 + 2Qn +1 *QQn +2

Qn -1 Qn+1 - Qn _Qn+1 + Qanl +1 _Zanl +2

Next, we present an identity for Wi, 41,.
Theorem 8.3. For all integers m,n, we have
Wn+m = Wan+1 + Wn—l(Bm + Bm—l - 2Bm—2) + Wn—Q(Bm - 2B'm—l) - 2Wn—dBm

Proof. Take r = 1,s = 1,t = 1,u = —2in Theorem 1.8. O

As particular cases of the above theorem, we give identities for B,,+, and Cy,4,.
Corollary 8.4. For all integers m,n, we have

Bn+7n - B’ILB"L+1 + anl(B'm + B'mfl - 2B'm72) + B7L72(B’"L - 2B’mfl) - 2B'VL73B77L7
Cn+m = Can+1 + Cnfl(Bm + Bmfl - 2Bm—2) + Cn72(Bm — 2Bm71) — QCnngm.

9 CONCLUSIONS

Sequences have been fascinating topic for mathematicians for centuries. The Fibonacci and Lucas sequences
are sources of many nice and interesting identities. For example, in [17], authors study on the solutions of the
connection problems between Fermat and generalized Fibonacci polynomials. For rich applications of these
second order sequences in science and nature, one can see the citations in [18].

As a fourth order sequence, we introduce the generalized Blaise sequence (and it's two special cases, namely,
Blaise and Blaise-Lucas sequences) and we present Binet’s formulas, generating functions, Simson formulas, the
sum formulas, some identities, recurrence properties and matrices for these sequences.

We have shown that there are close relations between Blaise, Blaise-Lucas numbers (which are fourth order linear
recurences) and special third order linear recurences (numbers), namely Jacobsthal-Padovan, Jacobsthal-Perrin,
adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers.

Linear recurrence relations (sequences) have many applications. We now present one of them. The ratio of two
consecutive Padovan numbers converges to the plastic ratio, ap (which is given in (9.1) below), which have many
applications to such as architecture, see [19]. Padovan numbers is defined by the third-order recurrence relations

Pn+3:Pn+l+Pn7 P0:1,P1:1,P2:1.
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The characteristic equation associated with Padovan sequence is z> — x — 1 = 0 with roots «, 8 and ~ in which

1 1\ /1 23\ ""°
(L /% S22 ~1.32471795724 9.1
@ (2 + 108) + (2 108) ©-1)

is called plastic number (or plastic ratio or plastic constant or silver number) and

PTL
lim L
n— oo n
The plastic number is used in art and architecture. » For the application of Fibonacci and Lucas
Richard Padovan studied on plastic number in Identities to Toeplitz-Hessenberg matrices, see
Architecture and Mathematics in [20, 21]. [34].
) o . ) » For the applications of Fibonacci numbers to
Next, we list applications of sequences which are linear lacunary statistical convergence, see [35].

recurrence relations. L . .
« For the applications of Fibonacci numbers to

lacunary statistical convergence in intuitionistic

First, we present some applications of second order !
b PP fuzzy normed linear spaces, see [36].

sequences.
» For the applications of Fibonacci numbers to

ideal convergence on intuitionistic fuzzy normed
linear spaces, see [37].

 For the applications of Gaussian Fibonacci and
Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [22].

» For the application of Pell Numbers to the
solutions of three-dimensional difference

We now present some other applications of third
order sequences.

equation systems, see [23]. « For the applications of third order Jacobsthal
« For the application of Jacobsthal numbers to numbers and Tribonacci numbers to quaternions,

special matrices, see [24]. see [38] and [39], respectively.
« For the application of generalized k-order » For the application of Tribonacci numbers to

Fibonacci numbers to hybrid quaternions, see special matrices, see [40].

[25]. « For the applications of Padovan numbers and
+ For the applications of Fibonacci and Lucas Tribonacci numbers to coding theory, see [41]

numbers to Split Complex Bi-Periodic numbers, and [42], respectively.

see [26]. « For the application of Pell-Padovan numbers to
« For the applications of generalized bivariate groups, see [43].

Fibonacci and Lucas polynomials to matrix « For the application of adjusted Jacobsthal-

polynomials, see [27]. Padovan numbers to the exact solutions of some
» For the applications of generalized Fibonacci difference equations, see [44].

numbers to binomial sums, see [28]. « For the application of Gaussian Tribonacci
» For the application of generalized Jacobsthal numbers to various graphs, see [45].

numbers to hyperbolic numbers, see [29]. « For the application of third-order Jacobsthal
» For the application of generalized Fibonacci numbers to hyperbolic numbers, see [46].

numbers to dual hyperbolic numbers, see [30]. « For the application of Narayan numbers to finite
« For the application of Laplace transform and groups see [47].

various matrix operations to the characteristic - For the application of generalized third-order

polynomial of the Fibonacci numbers, see [31]. Jacobsthal sequence to binomial transform, see
» For the application of Generalized Fibonacci [48].

Matrices to Cryptography, see [32]. « For the application of generalized Generalized
» For the application of higher order Jacobsthal Padovan numbers to Binomial Transform, see

numbers to quaternions, see [33]. [49].
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Next,

» For the application of generalized Tribonacci
numbers to Gaussian numbers, see [50].

» For the application of generalized Tribonacci
numbers to Sedenions, see [51].

+ For the application of Tribonacci and Tribonacci-
Lucas numbers to matrices, see [52].

» For the application of generalized Tribonacci
numbers to circulant matrix, see [53].

we list some applications of fourth order

sequences.

We

» For the application of Tetranacci and Tetranacci-
Lucas numbers to quaternions, see [54].

» For the application of generalized Tetranacci
numbers to Gaussian numbers, see [55].

» For the application of Tetranacci and Tetranacci-
Lucas numbers to matrices, see [56].

» For the application of generalized Tetranacci
numbers to binomial transform, see [57].

now present some applications of fifth order

sequences.

» For the application of Pentanacci numbers to
matrices, see [58].

» For the application of generalized Pentanacci
numbers to quaternions, see [59].

» For the application of generalized Pentanacci
numbers to binomial transform, see [60].
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