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In a rectangular region, the multilayered laminar unsteady flow and temperature distribution of the immiscible Maxwell fractional
fluids by two parallel moving walls are studied. The flow of the fluid occurs in the presence of Robin’s boundaries and linear fluid-
fluid interface conditions due to the motion of the parallel walls on its planes and the time-dependent pressure gradient. The
problem is defined as a mathematical model which focuses on the fluid memory, which is represented by a constituent equation
with the Caputo time-fractional derivative. The integral transformations approach (the Laplace transform and the finite sine-
Fourier transform) is used to determine analytical solutions for velocity, shear stress, and the temperature fields with fluid
interface, initial, and boundary conditions. For semianalytical solutions, the algorithms of Talbot are used to calculate the
Laplace inverse transformation. We used the Mathcad software for graphical illustration and numerical computation. It has

been observed that the memory effect is significant on both fluid motion and temperature flow.

1. Introduction

In nature, there often exist flows of immiscible materials. Due
to its broad application in research, medicine, geophysics,
industry, petroleum engineering, and hydrogeology, the
study of simultaneous flow of two or more immiscible fluids
is significant [1-4]. The numerous applications include the
recovery of petroleum oil, blood flow through the veins of a
capillary vessel, the treatment of machinery, the processing
of organic film and mucus in living cells, the removal of car-
bon dioxide from the environment, the control of groundwa-
ter, crude oil pipeline flows, and the formation of blisters in
microfluid and bubble trains.

In some industrial problems, fluid flow is multicompo-
nent, and therefore, there are layers of fluids having different
densities and viscosities. The interface of these layers creates
moving boundaries in between the walls of the channel in
which fluid is flowing. This causes flow phenomenon to be

not only nonlinear but also very complex and its study
challenging.

A long-wave technique was used for the first study of the
linear stability of the viscoelastic two-layered simultaneous
Poiseuille and Couette flow by Yih [5]. It has been seen that
the Kelvin-Helmholtz instability can occur due to viscosity
and density stratification. Several scientists subsequently
researched the stability/instability of the immiscible fluid
flow in two or multifaceted layers [6-8]. The existence and
uniqueness of the simultaneous multilayered Couette/Poi-
seuille fluid motions in channel/pipes were investigated by
Le Meur [9], and the approximated Oldroyd differential
component and the viscosity proportions were found impor-
tant to a unique result. The Couette-Poiseuille motion of the
two-layer fluids was taken into account by Kalogirou and
Blyth [10] to examine stability. The fluid in the bottom layer
is surrounded by surfactants which adsorbed on the inter-
face. The thickness ratio of the fluid viscosity is considerably
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higher, and when the flow is relatively stable, the surfactant is
soluble enough.

Immiscible fluid flows are frequently encountered in the
design of industrial processes and equipment. Indeed, several
flow patterns of interest exist for different flow conditions in
liquid-liquid flows. In [11], the two-phase flow of immiscible
fluids in porous media is described in continuous models as
the momentum exchanges between the two steps by simply
making generalizations of the Darcy law for single phases of
development and adding saturation-dependent porosity and
permeability. By extending the principle of Buckley-Leverett,
authors examine the effect of the cross-cutting words on con-
centration profiles and pressure losses for various fluids. It has
been shown that the outcomes on dual-phase flow might
increase when the impact of the fluid-fluid interfaces appears
close to that of the solid-fluid interfaces with the permeability
of the porous medium. Hisham et al. [12] reported a two-layer
analysis in the presence of time-dependent pressure gradient
of the immiscible Maxwell fluids between two simultaneous
moving plates. With the support of integral transformation,
Laplace and finite Fourier Sine transformation, analytical solu-
tions for velocity, and shear stress are retrieved. The increase
in kinematic viscosity decreases the maximum speed value.
In a rectangular channel with two parallel translating plates
in the presence of a time-dependent pressure gradient, Rauf
et al. [13] proposed analytical and semianalytical solutions
for the velocity fields and temperature fields for the simulta-
neous flow of the n-immiscible Maxwell fractional fluid. It
has been found that the heat transfer in ordinary fluids is
higher than those of thermal memory fluids; however, the
memory parameters affect the fluids’ velocities as accelerating
factors. Some other important multilayer flow problems are
studied in [14-16]. The parallel flow of the fractional Maxwell
fluid inside a cylindrical domain has been studied by Rauf et al.
[17] in the presence of pressure gradient in the flow direction.
The Laplace transformations, in combination with the finite
Weber and Hankel transformation of zeroth order provide
analytical solutions to flow velocities and shear stresses. The
fluid velocity was shown to decrease as the values of the frac-
tional parameters have been increased. The study of multilayer
flow of generalized immiscible Maxwell fluids between two
parallel plates with Robin boundary conditions is still lacking
in the literature. The aim of this article is to fill this gap in
the literature.

The fractional operators have been intensively incorpo-
rated in recent decades for mathematical modeling of the
numerous topics in real life. Many dynamic memory pro-
cesses can be investigated using time-fractional derivative
operators. The fractional calculus thus became an essential
component in biology, chemistry, physics, and many areas
of engineering. Hristov [18, 19], Povstenko and Kyrylych
[20, 21], Zheng et al. [22], Baleanu et al. [23, 24], and Hilfer
[25] have a comprehensive description of the theory of frac-
tional operators with their properties and applications. Refer-
ences [26-38] include mathematical observations and
potential implementations and applications of the fractional
differential Calculus.

In this paper, we have studied the multilayer flow
between the two parallel plates of immiscible fractional
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Maxwell fluids. In the vicinity of the fractional heat flux
in fluid layers, we assumed an unsteady, incompressible,
and fully established one-dimensional fluid motion
induced by the motion of the boundary plates and by
the applied pressure gradient as a function of time. More-
over, we took into account the Robin boundary conditions
on the boundary plates and the linear interfacial fluid-fluid
conditions between two consecutive layers. We have used
finite Fourier sine-cosine transformation, which is ideal
for the Robin-type boundary conditions, along with the
Laplace transformation, to explore analytical solutions for
velocities and shear stresses. Using the Laplace transform
along with Tablot’s techniques for the numerical inversion
of Laplace, a semianalytical solution is recovered for ther-
mal profile.

2. Mathematical Modeling

The flow region is
D':{(x',y',z')’x',z'e(—oo,oo),y'E [O,h'} }, (1)

with the boundary plates positioned at ' =0and y' =h' > 0.
To begin with at time t' =0, the two walls and the fluids
inside are at rest with the atmospheric temperature T,,. After
this instance, the boundary plate positioned at y' =0 move
with velocity u',, = Uyf’,(t') along the x'-axis and the wall
temperature T,g', ('), while the channel plate y" = h’ moves
with the wall velocity u',, = U,f',(t') analogous with the x'
-axis and the wall temperature T,g',(¢t') (Figure 1). It has
been assumed that the functions f,(¢'), f',(t'), g';(¢'), and
g',(t") are piece-wise continuous functions, and f',(0) =g
'1(0)=£',(0) = g',(0) = 0. We consider that the velocity vec-

A
tor is of the form V' = (1 (y', t'), 0, 0). We assume the simul-

taneous n-immiscible Maxwell fluids between two parallel
boundary planes. It divides the domain of flow [0, 4] into
subdomains 0=Hh'g <h', <h',--- <h', =h'. In the region y'
€ [hl-'_l, hﬂ, h'l-_1 < h’p Maxwell fluid flow has the viscosity
u;» relaxation time A'; = 1,/G,, density p,, G,, the elastic mod-
ulus, temperature T';(y',t"), velocity u',(y',t'), the shear
stress 7';(y', t'), and the thermal flux q';(y', t"), where i =1
2.

The Maxwell fluids are supposed to be incompressible
and immiscible, and the stream is linear, unsteady, and
completely established. The fluid flow is produced by the
applied pressure gradient as a function of time towards flow
and by the motion of the boundary walls. In view of the
assumptions on the velocity vectors, the continuity equation
is indistinguishably fulfilled by all velocities u',(y', t'), i € I,
where I} :={1,2,---,n}, and we assume that I’ | ={1,--,n
—1}. The system of constitutive equations of motion and
the initial, boundary, and the fluid-fluid interface conditions
are given, respectively, as follows:
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FIGURE 1: Geometry of the problem.
(i) The n-linear momentum equations: (iii) The corresponding n-initial conditions:
ou, ot op' 1
— = — - —— i€l . 2 .
Piae "oy ax T (2) u{(y’,o) -0, r{(y’,o) —0,iell. (4)
(ii) The n-constitutive equations:
. . (iv) The boundary condition:
) 41 OT; ou; 1
T+ A — =p—,i€l,. (3)
ot 0
8u{(y, t')
at thelower wall y' = 0,4/, (0, t') -1, T =U,f', (t'),
y'=0
! ! ! (5>
! ' ot rau”(y’t) 1,0
attheupperwally =h, =h ,un(h ot ) +lnT = Uofz(t )
y/:hl

(v) At the interface, we assume the continuity of Robin
conditions:

T;(h;, t') - T;H(h;, t'), iell . (6)

ui(hpt') + I’M

i ay/ y'=h!
3 (v y'=hi? The system of constitutive relations for temperature and
' (=1 Hin (}/ ’ ) heat flux is given by the following:
=up(mpt )~ 3y’ |

(i) The n-thermal transport balance equations:



(ii) The n-thermal fluxes with Fourier’s law:

qi’(}//,t,) :_kiaT;(ay):;t/),ieli, (8)

where k; and c;,, are the thermal conductivity and the specific heat
at constant pressure, respectively. We consider the following:

(i) n-Initial conditions:
r/(y',0) =

(ii) Boundary conditions:

Ts0,9q ()’ 0)=‘10>i61:r )

(Tj(o t’) - Tzo) -5, aT{(_gj:t ) =T, (r’),
y'=0
! i
(o t)_n0+5n“”§; | rge)
y'=h'

(iii) Interface conditions:

ari(y',t")

<T1{(h1{’ t,) - Tza) ""S,ila# ‘y':h,’
(o)) -0 )

y'=h]
=4 <h’,,t’),i= 1,2, n—1.
(11)
Consider the nondimensional variables
! ! ! ! 1
x v, t U h't; )
x:_)y:y_t: 1 ,u,:_' = L v:&

i T = >V >
Uo # U Pi

1 Ug h P1 H Vi
Kt T,-T q,
=g ,T,= —t 2 g.=2, 0,=—
9:(t) 91<V1> T, % g 1
2 2 12
Hi€ W't h] Wt
Pr, = k"’,fz()=f£< ) = 80=0( -]
i 1 1
l,- !
li=—,8,=—1iel,,j=0,1,2,-n
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The dimensionless form of the governing Equations
(2)-(11) are reduced into the following form:

du;  dp o,

it —iiell, 13

Yot T Tax Tyt (13)
oT; au 1

: ! 14

T+ A= 5 =b— 5 iel, (14)
oT, 09; . 4

o oo 9 e 15

vlyoplclp at ay 1€ n ( )

T;
a=nk Gl ien, (16)

along with the following:

(i) The dimensionless n-initial conditions:

T:(y,0)=0,q;(»,0) =1, u;(y,0) = 0,7,(y,0) =0, i € I..
(17)
(ii) The dimensionless boundary condition:
0 Lt

w@0-h" 20 —p ),

on the bottom plate y = 0, o, (1) 0

10 _

ne.0-6" g <o)
(18)
)+, 220 =g

on the upper plate y' = h, = 1, -

aT ,(y,t
T, (1.0 +8, 2 )y:lfgzm.
(19)
(iii) The nondimensional interface conditions:
0u(y, 1)
w(his t) +1; 3y |y,
oy 20
=t ()~ 2Oy (20)
y=h,
Tiv1 (hz’ t)
BT (y
Ti(h;t) + |},_ ,
5Ti+ 1 21
1+1(h t) 8 al(y ) > z(hi’ t) ( )
y y=h;

=y (hip )i € Ii—p

where y, = T,/q,h" and T, is the characteristic scale.

2.1. Generalized Constitutive Mathematical Model. Consider
the following generalized constitutive mathematical rela-
tions:
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. ou,
14 ADIT, = b, o o€ (0,1] i€ I, (22)
dy
1 (0T, .
qi:_'yokigt ﬁz(ay>)ﬁle (0, 1],161]11, (23)

where the Caputo derivative D7 is defined as

t
J (t—p)’”@dp,0$a< 1.
p

0

@?%(y, t) = 1-‘(1 _0_)

(24)
For the special case = 1,D, F(y, t) = 9F(y, t)/ot. It is sig-

nificant to note that the fractional models (22) and (23) have
the following equivalent formulae as

Ti()/’ t) _ |:% ta,—lEabal (_ %)] N au,-()’, t)

i i ay
b a1 (t-7)"\ (1) . . 4
_JO X(t ) Ea[’ai( 1 )Tdr,zeln,
(25)
th=l 9'T,(y, t
%0 D=1y * argyy :
’ (26)

-
dr,iel,.

_ J (t-1)" 3T, 7)
o I'(B) Jtoy

The relations (25) and (26) depict that the histories of the
thermal and the velocity gradients impact the time-variation
of heat flux and the shear stress, separately. Moreover, it has
been seen from the above relations that the nonlocality kernel
of the heat flux observes the power-law t#~1/T'(,), while the
nonlocality kernel for the shear stress is the function (b;/A;)
t“i‘lEaf,at (=t%/A;), E, 4 (.) being the Mittag-Leffler function.
In this study, we consider the pressure gradient in the flow
direction as a known function, namely

-2 _pp, @)

where P(t) is a peice-wise continuous function on [0, 00).

3. Solution of the Problem

We have applied the finite sine-Fourier transform coupled
with the Laplace transform, to obtain explicit solutions of
Equations (13), (15), (22), and (23) with conditions
(17)-(20). We apply the Laplace transform to Equations
(13), (15), and (18)-(23) along with the initial condition
(17); we have

R G CY
by 0uw(ys) .o

5= Jiell, 29

Ti09) 1+ As% 0y e 29)

5
vlyopicipsTi(y, s)= —@, iell, (30)
y
— — aT(y’ S) .
=y ks P2 e 31
ql YO i ay re n ( )
_ ou,(y,s -
0 09-L "2 -f(),
N (52)
(19 +1, 20 7,
y=1
T, (y,s _
T0.9-8"2) g0,
& (33)
7 0T, () _
Tn 1,5 +8n 1 = S)s
948,557 =009
_ ou;(y,s) _ ot (3, 9)
i(hy, I, — =g (hys) -1, —= ,
( ) ay y=h, +1( ) ay yh
(34)
Ti(hys) =Tiq (B s),i=1,2,--,n—1, (35)
Ty )+ 8, 2L | (s -9, 209
dy i oy e,
(36)
4i(hi>s) = qypy (hips), i= 1,2, -, n = 1. (37)

3.1. Analytical Solutions for Velocity and Shear Stress. Com-
bining Equations (28) and (29), we can write

2
a,s(1+ As™) i (y, s) = (1+As%)P(s) + b, a”;ig’s), iell,

(38)

where ¢(y,s) = [” @(y, t) exp (=st)dt represents the Laplace
transform of the function ¢(y, t). In case of nonhomogeneous
Robin boundary and fluid-fluid interface conditions (32) and
(34), the finite Fourier sine-cosine transform of the function
i;(y, s), i € I, can be defined with the help of the Fourier series
theory and the Sturm-Liouville theory as [39, 40].

h;
() = | woelon  (9)
hi=hi_y )y,

i

where @) (y) =sin (1) (y = by /b = hi_y)) + (hy by = hyy)
79 cos (19 (y — h;_,/h; — h;_,)) and 5! are the positive roots
of the transcendental equation tan #\) = (h; — h_,)(I_; +1)
115,’?/[1-,111-17,(1?2 —(h;=h,,)*. The inverse Fourier sine-cosine
transform of (57, s) is defined by

ai(’?%)ﬁ

- - m
m=1 ]mi
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where where we rename v,(h,_1,1,_;,s) =u;(h,_y,s) = L_;(0n;(h,_;, s
Joyh w0 ls) = 1, (hs) + Oy )0y), P€ L,

I J‘h o0 () Vo(hgs Ly, s) = £, (s ) and w, (h,, 1, s) fz( s). With the appli-
"=k )y, cation of finite Fourier sine-cosine transform (39) to Equation
2o (= (38) corresponding to the robin boundary conditions (32) and
= M sin (2;1( ) interface fluid-fluid conditions (34), and using Equation (42),
arpw (= hiy)? the transformed velocities take the form
(= By ha Oy = By + B = (= i) cos (20
+ .
2(h;=hyy)* D
1 (41) ﬁ.(n(i) s) = (hi = hisy)* (1 +Ais™)P(s)
a;(h; - hi-1)25(1 +A;s%) + bi”lf(viz)z
By direct computations, using the robin boundary condi- b. ;155,)
tion (32) and interface fluid-fluid condition (34), we can write * ()2
a;( s(1+A;s%) + bitgm
= i )
. Lzli (’7,(1?,5) = 477;1) p) (Cos ( ,(4?) COS (s h ) + I w;(hi, 1, 5)
% (hi = hiy) Lyl 1’752 - (hi=hiy)?
. (hi_hi ) +12 1’77:’ (I’l I. S) 1 1 Y- 1,5)) lGI
02 i\"* M
li—lli”l(”rt> = (hi=hiy) (42) (43)
+1—’i(hi—1>li—1>3)> . o .
To apply the inverse Fourier sine-cosine transform, we
()2 rewrite Equation (44) in the following suitable form:
dld ﬁi(nf;), ) iel
(hi=hiy)
ﬁ(n(i) S) e 1 sin ( ) (hi = h;_ 1)(1 ~cos ( 4 )) (hi—hy + 1) l( il s) + (R 1y s)
AN o (i = hi 1) SR
() () “h o 9 sin (0
et = 0=t s () (n= et s () 00 s oo
+ 2
(h; - hi-1)’7(nt«) (hi=hi) + 1L+
+ bt 7t C( Vi(hiys L) (44)
a;(h; =i )?s(1+ A;s%) + by
bnm cos (#m 2L (i)? )
+ ( ) (hl ]jllzfl) + llflrlm + C(zlr)n wi(hp li,S)
(B = hiy)*s(1 + Ayse )"’b Lyl = (hi=hiy)?
(hy =y (14 As™)P(s) e
a;(h; - h ) s(1+ ;%) + b; 11
where

1 (hi=hi) (L +1; )’7m) cos (’11 ) (h; —h;_ ) sin (’ln?) - lilifﬁgf?z sin (’11(1?)
() )2 ’

Hm (hi=hi)(hi=hiy + 1y + li)’71<1?

i i AN i
(k- hi—1)2’1£n> cos (’7511)) - ((hi - hi—1)2 +l(hi=hy + li—1)’1$n) ) sin (’71(41))
2m (i)2 . (45)
(hi=hi_y)(hi=hi_y + Ly + 1)1
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Considering the auxiliary relations along with their Fou-
rier sine-cosine transformv

li—lrlﬁzl) sin <f15;)) +(hj=h_)) (1 —cos (qﬁ,’)))

) =Lyelh nh) ¢,.(n)) = ‘ i (46)
(Pll(y) Yy [ 1 } q’lt(”m) ﬂs:,)(ht B I’liil)
y—hiy
$y(y) = noh Y € [hi_y> b, (47)
i~ i
_li—ITIS'? = (hi=hiy - li—l)”li(;) cos (7157?) + (hi —hiy + li1’7£1?2) sin (’71@)
=~ () = (48)
(Pll qm (i)2 >
(hi = hiy )
m=1,2, i€l hy=0,h, =1, (49)

the inverse Fourier sine-cosine transform of Equation (46)
takes the form

+ OZO: ( (hy =iy )2 (1+ Ays™) ) QBS,",)(y)I_’(s)’iGp.

i)2 ; n
2 _ (hi—hiy + B)vi(hioy by s) + 1y wi(hy, Ly 5) et \ (= i )Ps(1+ As®) + by T
hips) = (hi=hiy) + 1+ (50)
(wi(hy s s) = vi(hy s iy )
' (hi=hi )+l +1; = ir)
o b A Now, from (29) and (50), we obtain
+ Z iftm +cl)
2 1im
m=t \ay(hy =y )2s(1+ Ays%) + bty
DN (bl yys) 2 _ = _ = _
% + Z_l T,(08) = Ti,l_()” S)wi(_hi’ lirs) = Tin(n )Vi(hiop Lisys ) (51)
0) N + Ti3(25)P(s), i €1,
bt cos (qm) ’
2 (i)2
a;(h; = hioy)"s(1+ A;s%) + byt
2, (0)? () )z
(= k)T 4 C(zi) m (V) Wi(hs» L ) where
li—llirlsl)z = (hi— hi—l)z T
_ b. b. & .
T, ,(»,s)= ! ! (i)
W0 = sy A v ) e i (LT 2,
biqs) cos r]g,) ho—h V4P (i)? )
. ( ) — ( i Azz—l) thMm +Cgl)
a;(h; - hi—l)zs(l +A8%) + bi’lsr? li—llingrlt) = (h; - hi—l)z
cos (’ISV?()’ —hy/h; - hi—l)) = (Liathi = hi—l)rlg:l) sin (’7%) (v =his/h; = hi—l)) _
X 7 s Tin(9ss)
00 i 52
_ b, ~ b, Z e bingn) N Cgi) (52)
(L+As%) (= hiy + Ly + 1) (B =hiy) (T4 As%) a;(h; = h_ ) s(1+A;s%) + b,nﬂ?z
€os (’75;1)()’ —hiy/h;- hi—l)) = (lisy/hi = hi—l)ngfll) sin (’l%) (y=hi/h; - hi—l)) _
X 7 s Tiz(9)

’15:;) (COS (’19 (v = hiafh; = hi—l)) = (Liathi = hi—l)rlgjl) sin (’1”()’ —hiylh; = hi—l)))

] _ 2 a, (i)?
mi| @i(hi = his)"s(1+ A;s%) + bt

=b;(h; = h;_1)P(s) i



Using Equations (32) and (34) in Equation (51), we get
the following linear system (for detail, see “Appendix”):

M(s)W(s) = N(s), (53)
where
(Y, Y, 0 0 0
YZ 1 YZ,Z _?2,3 0
0 Yﬁi 2 Y3,3 Yﬁi 4 0
M(s) = : ,
0 0 Yn—?: n—4 Yn—S,n—i% _?n—3,n—2
0 0 Yn—Z,n—3 Yn—Z,n—Z _?n—Z,n—l
L 0 0 0 ?n—l,n—Z ?n—l,n—l i
W, (hys 1 9)
_ w,(hy, L, s
W(S) _ 2( 2 2 ) ,
w l(hn—l’ln 1’5)
by
) b,
N =| = | (54)
En—l

W(s)=M"(s)N(s). (55)

Now, w;(h;, 1, s) =V, (h; 1, 5)i € IE, )1, are known func-

tions; therefore the velocities ul(y $), -++ i, (¥, s) are known.

In order to obtain the inverse Laplace transforms of the func-

tions #;(y, s),i € I}, we consider the following auxiliary func-
tions:

_ 1
Hio(m’ S) = ) (i>2
a;(hy = hi_y)"s(1+ A;s%) + 1
=
B a;(h; - hi—l)z/\i (5“" + Afl)
1
L4 (026 Ch V(s 4 )
Nm s~ a;(h; ) Ai(sm+ A7)
= VY (-1
aiAi(hi_hi—l)ZkZ(; =)
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_ 1+ A%
Hj(m,s)= ( ) N2
(s =iy a1+ ) + by (9))

: 00 (i? ¢
. ke
a;(h;—h;i_y) kZ:(:) =Y ((hi_hil)zaiki>

i(hi=hiy ?
[ sk-1

(s +A7)"

_ 1
Hy(m,s) = 2
(14 d;5%) (ai(hi —hy )?s(1+ As%) + b (95;)) )

1 [ee]

(56)

Since the generalized G-Lorenzo-Hartley function is
defined by [41]

_ %2
Gal’gz’% (t’ 0) =7 1 [m}

k+0’3)0' ky(k+o3)0,-0,-1

- Z KT ((k+05)0, —0,)T(03)
o
Re (s) > 0, Re (0,05 — 0) > 0, ‘sT’ <1,  (57)
and for a;, 3; > 0,
F! s =tP1E, 4 (dt%) (58)
| ap; >

where E, 4 (.) is the Mittag-Leffler function [42]. The inverse
Laplace transform of H,y(m, s), H;; (m, s),and H,,(m, s) takes
the form
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1 oo
o m;} = ((h=hiy)? l)ti)kﬂ
Gtk (=4 ]
(60)
Halm )= %i (-1
aiki (b = hit)" i
) ‘ }
| (W) Gyt (6-17)]5
(61)

where §(#) is the Dirac delta function. Using Equations (59),
(60), and (50), we obtain for velocities u;(y, t),i € I, with the
following expressions:

(B hy  L)vi(h g t) + L wy(hy 1y )
4 1) = (hi_hi—1)+lz 1+
(wi(h 1 t) =vi(hi_p liys 1))
h;_
ey vy ey R G S
bA; U E, (<A E%) b, &
T. ,t — (M1 o0 i i (1)
) (hi=hiy+1_, +1) (hi=hiy) mZﬁ L

S}

(i)

N b cos (n (B =hisy ) + 1yt
iMm L (i)2

Liylim = (b= hy )

cos (;15,’?(y—hi_1/hi—h,._1)) — (I ythy— )t sin (17,,,()/ hyyIhy—h; ))

# (i b 1) + Clvilhiy 1))

<(hi —hip)+ l?—1’7£'?2> hins;) cos <'7£:’))

- Hyy(m, 1)
Tmi m=1 lifllﬂ*(«’«)z = (hi=hiy)? 0
s w;(hy 1y £) + CY) wi(hy, 1, ) ?
S (e Ha () Pl PO
m=1 , ]mi )
(62)
where h, ( jo (t)dr is the convolution

product of the functlons h ( ) and h ,(t). The system of shear
stresses 7;(y, t), i € I', can be determined by applying inverse
Laplace transform to Equation (51) and using Equations (59)
and (61).

Ti(1: 1) = Ty (> 1) * wy(hy, Ly t) =
#vi(hip by, 1) +

Ti2 (y’ t)

Tis(y:t) * P(t), a

where

Hy(m,t) + 2m)‘1 1" IE ( Ai_ltai))

]mi
bA; 't E,

,0; (_Ai_1 tai)

(hi=hi +1 +1)

m=1

. cos (ns,i)(y—hi,l/hi—hi,l)> = (lisy/hy = hy_ )’7m sin (r]m (y—=hi_/h; = h;_ ))

b. © .
_ i i) i
i), o (i

Ti,z ()

(m.t) + CbAT 9 E, | (— A;lt“f))

]mi

> Ti,S( )

=b; Z ’%?((hi —hi1)Hjy(m, ¢

At the end of this section, we mention that, in the case
of a single fluid, there are interesting studies in the litera-
ture on the flow of Maxwell fluids with slip on the
channel walls. Thus, in the particular case a=1, n=1, P(
t)=f,(t)=0, our results are equivalent with those

) cos (’11(1?()’ —hy/hi - hi—l)) = (liathi = hi—l)ﬂgf? sin (’71(4? (= hia/hi = hi—1)>
X .

]mi
(64)

obtained in ([43], Equations (34) and (55)). Moreover
for the Newtonian case with n=1, P(t)=0,1; =0, the
velocity profile given by Equation (62) is equivalent to
the solution obtained in [44], Equation (65) with ¢=0

and (pf);=0.
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3.2. Solution for the Thermal Transport. Using Equations (30)
and (31), we can write the system of n-equation describing
the Laplace transformed temperature profile:

0T, -
= =QFT, iel, (65)
y

where Q; = (a;/b;) Pr;. The general solution of Equation (65) is

T;(y»s)=Cu(s)e” %+ Cy (s)¢’ @iell, (66)
[aq, O O 0
a; ¢ 0 0
0 a - 0
0 0 a, | —C,._
2[(5) — n—1 n-1
b aq 0 0
0 -p, a 0
0 0 P du
Lo 0 - 0 g
and the vectors 9)(8) and B(8) are
FC ]
Cu [9:(5) ]
: 0
C,, 0
Y(8)= »B(8) = (69)
ClZ
Cy 0
: _gn (5) 4 1x2n
_an_

Here

a, = (1 +60w/Q15ﬁ1>,ai= (1 -3, Qisﬁi)e—hi\/@’

= (1 — 81/ leﬁl),ci = <1 +0; Qisﬁf)ehva'fﬁ',
¢ = (1 +38;4/ QMsﬁm) e iV Qudir D, = (1 =84/ Q;yy 5P ) iV

hJa P k;
p; =1/ QsPie hast ;=1 Qisﬁ’eh’m’ li= k_l’

i+1
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where the unknown parameters C,;, C,y, -+, C,y5 Cpp, Cyp,
.-+, C,, are to be computed by using Equations (33) and (36)
and are given by the following linear system:

A(s)Y(s) = B(s), (67)
where the 2(s) matrix is
o 0 0 0
¢ -b 0 0
0 ¢ -b 0
0 0 (R (68)
r, -8 0 - 0o |
0, -3 0
0 0 T, _gn—l
0 0 -« 0 8 |

q; =1/ Qi sPine VUL g =\ [Q,, PV e I,
q, = (1 -8,/ Qnsﬁn)e_v Qe 8,= <1 +6,1/ Qnsﬁn) eV

(70)

We incorporate the following notations to describe the
linear system (67) in an appropriate format:

a, 0 0 0
0 M= (Mij)ijel" >
2. n-1
a -¢ 0 0 " 5 iep
.=q, - € 1
— a, - 0 ;i.e. 0j 0%0,j ] n-1
. M;; = ai8i,j+1 - bi6i+1,j+1’
iell ,jel® |,
0 0 A1 TC1/ e !
o 0 0 0 B
N= (Nij)i,jel?’il’
¢ b 0 0 N 5 iep
L= - € 1>
N=|o0 ¢ -b 0 cie 0T %) S
. . Nij=¢8; 101 = 0,011 i1
' iell ,jel® |,
0 0 €1 _bnfl nxn v "t
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Q=(Qy)

0 -p, q 0 ijel )’
Q- : e (O R URTURERE X TSR
0 0 P G iel) pjely
0 0 0 U/ nxn Qu1)j = 4uOn1,0J € oo
r, -8 0 0 ~
R=(Ry), oo »
0 r, -3 0
R= . ie R;; = ri+15f+1,j+1 - §i+16i+2,j+1’
iel’ jel®
0 0 6, -8, n-2J €4n .
R, =80 ,,j€l,_,,
0 0 0 gn o (n-1)j n-n 1,]] n—-1
- 0
9,(5) 0 Cy Ci
0 C C
C - .C,- A= 21 B= 22 )
0
0 nx1 _ Cnl nx1 CnZ nx1
92(5) nx1

(71)

where 51']' is the Kronecker tensor. The linear system (67) is
equivalent to

MA+NB=C,,
QA+RB=C,.

(72)

Matrices M, N, Q, R are invertible and triangular. We can
rewrite Equation (72) as

A=ST(N'C,-R'Cy),
, (73)
B=R'C,-R'QS'(N"'C,-R'C,).

where we suppose that S=N"!M — R™'Q is invertible. An
easy computation shows that

9,(5)818, - 8,4
T, e, 8,

9,(5)8; -+ 8,4
Ty rn—l‘é"’n

R,=R'C,= : ,
E_Jz(s)e’nq

r, 9

n-1

9,(5)
3

n

n

11

9:(s) _ 9,(5)8:8, -+ 8,4

o T, T, 8,
OLN B 92(5)8, -+ 8,
apay Tt 8,
9:(5)b,1b,  g,(s)85 - 8,
C,=N"'C,-R'C,= %, |,

apa,a, Xy

8i(s)byby b, g,(5)8,,

Aoy =+ Ay 13,
9:(s)6,6, -+ b, B 9:(5)
QoA @y o= @y 3,
(74)
where
1
— 0 0 0
a4
¢
! -, 0 0
pay
N1l= 66 66 ,
-——= ¢, 0
aya;a, a,
GG G % G G2l
e -1
Q@ == @y Ay @y Ay ! nxn
(75)
that is
-1 _
N = (”ij)i,jelﬂ,l’
i
ny;=—0,j€l n —*t iell
0j — 0]’] n-1° i0 ’ n-1°
=1 aOaC
i j-1 n—1
o Qa
_ m £+1 : o 1
nj=- — c Oijurr Hj€l,
m=l “mye=0 "t k=0
l 8 %8, 818, 8.y 818, 8.y
I nh Iihhig Tty BTl T, 8,
0 i $, L) Sy 8y
R'= L I R e R L ,
1
0 0 0 0 —
gn nxn



12

1.2

Advances in Mathematical Physics

0.8

Temperature profile  (y, t)
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F1GURE 2: Temperature profiles T;(y, t), i = 1, 2, 3 versus y for fractional multilayer Maxwell fluid at t = 0.002,, = 0.6, 8, = 0.8, and different

values of f3;.

1.2

Temperature profile t (y, t)
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— B,=025
— B,=06
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F1GURE 3: Temperature profiles T;(y, t), i = 1, 2, 3 versus y for fractional multilayer Maxwell fluid at t = 0.002,8, = 0.2, 8, = 0.8, and different

values of 3,.
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F1GURE 4: Temperature profiles T;(y, t), i = 1, 2, 3 versus y for fractional multilayer Maxwell fluid at t = 0.002,8, = 0.2, 8, = 0.4, and different

values of 3;.

that is

Now, the matrix § = (S;)) is defined by the elements

i,jeld_

Sij= (naMy; = P Qi) - (78)
k=0
This reduces the system (73) to
A=S"C,,
(79)
B=R,-R'QS'C,.

Now, we know the auxiliary functions le,Cjz, j 61711;
from the linear system (79), the analytical expressions for

the solution of temperature profiles T,(y,t) can be
obtained from Equation (66), by using the inverse Laplace
transform as

2711

1 T+i00
Ti(y.t) = _,[ ; ¢ (Cil (s)erves
o0—100

(80)
+ Ciz(s)ey\/‘ﬂ) ds,i€ll.

Since the auxiliary functions Cj;, Cpp, j€I !, involved in
Equation (79) are intricate, we therefore have used the fol-
lowing numerical Talbot’s algorithms [45, 46] for the com-
putation of the inverse Laplace transform.

Consider the function g(y, t) has the Laplace transform
G(y, s). The Talbot algorithm [45] approximates the function

gy, t) as

rt) Gonr)

_r exp
M-1

+ ) Re[exp (tz(g))G(y, z(g)) (1 + i (g1))] }’

k=1
(81)
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F1GURE 5: Temperature profiles T;(y, t), i =1, 2, 3 versus ¢ for fractional multilayer Maxwell fluid at 3, = 0.0.4, 8, = 0.6, and different values of
y.

where where
r= 251\;1’2(8) =re(cote +i), e € (-, ), 21(€) = 5 [vie+ pe cot (ag) =&, e € [-m 7],
(82) (2k-1)m
{(e)= e+ (ecote—1) cote,e = . $1(#) = e + p(ae cot (ae) — 1) cot (ae), 0 = 3 .
M (84)

The function g(y,t) can be approximated by another

Here, o, M, v, p, & are variables the user must define.
method, the improved Talbot algorithm [46].

4. Numerical Results and Discussions

138 _ . The unsteady, laminar flow with thermal conductivity of the
I 1) = 2 ) exp (t2,(04)) G 21 (04)) (v + i1 (),

t simultaneous n-layer fractional immiscible Maxwell fluids in
=l a rectangular channel has been examined. The motion of

(83)  these fluids is produced by the time-based pressure gradient
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FiGURE 6: Temperature profiles T;(y, t), i = 1,2, 3 for small values of the time ¢ (3, =0.4, 5, = 0.6, and 3, = 0.8).
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FiGure 7: Temperature profiles T;(y, t), i = 1, 2, 3 for large values of the time ¢ (B,=0.4,5,=0.6, and 3, =0.8).
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FIGURE 8: Variation of the kernels #/I'(B;) with the fractional
parameters f3;, i=1,2, 3.
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Ficure 9: Velocity profiles u;(y, t), i= 1,2, 3 versus y for fractional
multilayer Maxwell fluid at «; =0.2,a, =0.4,0; =0.8,4; =0.021,
A, =0.042,1; = 0.06, and different values of time t.

in the flow direction and by the displacement of the channel
boundaries with the time-based fluid-fluid interfacial
conditions.

In this problem, the generalization puts into consider-
ation the fractional constitutive equation of the Maxwell
fluids based on the Caputo time-fractional derivative; there-
fore, the velocity gradient histories influence the fluid behav-
ior. Such type of flow is so-called the flow with memory.

On the solid boundaries, the Robin boundary conditions
are taken into account, whereas the velocity and shear stress
are assumed continuous at the fluid-fluid interface y =d,,.
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— a;=a,=09

F1gure 10: Velocity profiles u;(y, t), i =1, 2, 3 versus y for fractional
multilayer Maxwell fluid at £ =0.19,A, =0.021,A, = 0.042,A; = 0.06,
and different values of fractional parameters a; = a,.

Semianalytical results of the velocities, shear stresses, and
temperature profiles are determined with the help of the
Laplace transformation and the Talbot algorithms used for
the numerical inverse Laplace transforms. Moreover, an ana-
Iytical solution for the flow is recovered by using the Laplace
transform in conjunction with the finite sine-Fourier
transform.

The findings obtained are generic; therefore, several spe-
cial cases can be considered. Multilayer flows of ordinary/-
fractional Maxwell fluids can be analyzed as special cases by
allowing certain fractional parameters to be equal to one.

With the help of the Mathcad software, numerical results
have been illustrated for the obtained solutions of fluid veloc-
ities and temperatures. These results are shown in Figures 2—-
14. For graphical illustration of the fluid velocities, we have
used the material parameters

p, = 1000, g, =0.05,G, = 1.2, ¢p; =0.25,k, =2.5,1, =0.1,0, = 0.05,

p, =1300, 4, =0.2, G, =2.4,¢p, =027,k =2.7,1, = 0.15,6, = 0.1,

ps = 1500, 4, = 0.6, Gy = 5.0, cp, =0.29,k; =2.9,1; =0.2,0, = 0.15,0, = 0.2.
(85)

To analyze the temperature profiles of the three-layer
fluids with h, =0,h, =0.3, h, =0.7, h; = 1, we take the spe-
cial instance when the functions g, (t), g,(t) appearing in
the Robin boundary conditions are constant, i.e., g,(t) =0.6
H(t), g,(t) = 1.2H(t), where H(t) is the Heaviside function.
It is shown in Figure 2 that the variance of the fractional
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Ficure 11: Velocity profiles u;(y, t), i =1, 2, 3 versus y for fractional
multilayer Maxwell fluid at £ =0.19,A; = 0.021,4, = 0.042,A; = 0.06,
and different values of fractional parameters a, = 5.
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F1Gure 12: Velocity profiles u;(y, t), i =1, 2, 3 versus y for fractional
multilayer Maxwell fluid at ¢ = 0.19,A; =0.021,A, = 0.042,1, = 0.06,
and different values of fractional parameters «; = «;.
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Ficure 13: The profiles of velocity u;(y,t), i=1,2,3, for small
values of  the  time t (¢;,=0.4, a,=0.6, a; =0.8
ay=1,a,=13,a,=15,b,=1, b,=4, b, =12, h; =0.2, h, = 0.6,
and A, =0.021, A, = 0.042, A, = 0.060).

temperature variable 8, of the fluid located in the first layer
has a noticeable effect on the thermal profile in the first two
layers; however, the effect on the temperature from the top-
most layer is minor. This has been caused by the decrease
in thermal profile in the first two layers with the increase in
fractional variable f3,. It is revealed in Figure 2 that the vari-
ance of the fractional temperature variable 3, of the fluid
located in the second layer has a noticeable effect on the ther-
mal profile in the last two layers; however, the effect on the
temperature from the first layer is negligible. This has been
caused by the decrease in thermal profile in the last two layers
with the increase in fractional variable ;. It is exposed in
Figure 4 that the variance of the fractional temperature vari-
able f3; of the fluid located in the third layer has a noticeable
effect on the thermal profile in the first and the last layers;
however, the effect on the temperature from the middle layer
is minor. This has been caused by the decrease in thermal
profile in the first and the last layers with the increase in frac-
tional variable f3.

It is recognized by Equation (26) that the heat flux mem-
ory kernel is the relation hp (t) = tF=1/T(B;) whose plot is

shown in Figure 8. It is described in Figure 8 that, for 3, >
0.2 and t =0.002, the kernel hg (t), i=1,2,3, declines with

B;; therefore, the temperature gradient distribution relation
declines (memory impacts are softer). Time-evolution of
the thermal layers, in various channel locations and for dif-
fering values of the temperature fractional variables, is shown
in Figure 5. As shown in Figure 5, the thermal profile as a
function of the fractional variables 5 has different character-
istics for low, versus high, time values. This attitude reflects
prior studies shown in Figures 2-4 and also with the progres-
sion of the heat memory kernel, 4 (), i=1,2, 3. We have to
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Ficure 14: The profiles of velocity u;(y,t), i=1,2,3 for large values of the time ¢t (a;=0.4, a,=0.6, a;=0.8

ay=1,a,=13,a;=15,b,=1, by=4, b; =12, h,; =0.2, h, = 0.6, and A, = 0.021, 1, = 0.042, A, = 0.060).

mention that the temperatures of all layers vary for small
time fluctuations, but after a low time valuation for ¢ (t =1
in examined scenarios), the temperatures are just about
unchanged (see Figures 6 and 7).

In order to examine the three layers, fluid velocities with
hy=0,h; =0.2,h, =0.6, h; = 1, we considered the particular
case when the functions in the slip boundary conditions are
constant, i.e., f,(t) =0.5H(t), f,(t) = 0.8H(t), where H(t) is
the Heaviside function and the considered pressure gradient
is P(t) =sin (¢). Figure 9 illustrates the time effect on the
velocity profile u;(y,t), i=1,2,3. The velocity profile is
observed to increase with the increase in time. Figures 10—
12 are plotted to study the influence of the velocity fractional
parameters «; on the velocity fields. It is observed that the
velocity profile is increasing with the increase in the frac-
tional parameters a; = a;, and for fixed a1y, 6,13 =1,2,3.
The fractional variables have braking impacts. The first two

layers’ flows are accelerated; however, the last layer’s fluid is
slowed down.

In Figures 13 and 14, the profiles of velocity u;(y, t), i =
1,2,3, for different values of the time t, are presented. It is
observed that, for f>40, the profiles of velocity are
unchanged; therefore, the velocity is given by the permanent
solution. It can be observed from Figures 6 and 13 that at a
very short time, the profiles for velocities and temperatures
are similar to the initial conditions, that is, zero everywhere.

5. Conclusions

Time-dependent simultaneous n-layer fluid flow in a rectan-
gular channel was examined through heat exchange of Max-
well immiscible fluids with generic constitutive equations for
the shear stress and heat flux.
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The Caputo time-fractional derivative defines the generic
constitutive relations; thus, the behavior of the fluid is deter-
mined by the histories of the temperature and velocity
gradient.

We have used the finite Fourier and Laplace transform
coupled with numerical Laplace inversions for the analytical
and semianalytical results for the velocity, temperature, and
shear stress profiles with the assumption that for the adjacent
layers, the interfacial heat fluxes and shear stresses are equal
and in the presence of the interface Robin-type interfacial
conditions.

The results of this study attained are of a general nature;
however, many specific situations can be produced. Multi-
layer flows of ordinary/fractional Maxwell fluids can be ana-
lyzed as special cases by allowing certain fractional
parameters to be equal to one.

With the help of the Mathcad software, numerical results
have been illustrated for the obtained solutions of fluid veloc-
ities and temperatures.

For small and, respectively, large values of time ¢, the
fluid flow and the heat transfer differ. Such specific character-
istics are due to the differences in time and fractional param-
eters of the thermal/velocity kernels, so the memory
influences have a tremendous impact on the fluids.

Appendix

Using the boundary conditions (32) and the interface condi-
tions (34) in Equation. (63), we obtained the following alge-
braic system:

Yy @y (hy 1) -

Yl,ZwZ(hZ)ZZ)S) = Ela (Al)

Y@y (B Ly s) + Y (k1 s)

(A2)

_ )
=Y, Wi (hiys Ly s) = by i € 15,,)2,

i

Yn—l,n—an—Z (hn—Z’ ln—Z’ 5) + ?n—l,n—lwn—l (hn—P ln—l’ S) = bn—l’
(A.3)

where

1
2

Yii=Tiy(hos) + Tiio(hin ), Yy
z+11(h S) lEIn 1>

Tn,l (hn—l’ 5>J;2 (S)’

b= (Tyra () = Tia ) PO9

+0;,.,Y +6j,1T1, (hyss) 1( )’JEIl)l
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8;,1 is the Kronecker delta. The system (A.1) can be

written in the following equivalent form:

M(s)W(s) =N(s). (A.5)
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