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Abstract

The main purpose of this paper is to select 15 primary school mathematics textbooks from China, the United
States, Singapore, Japan, South Korea and Germany, take "fraction division" as an example, and clarify the
characteristics and similarities and differences of its operational meaning model and revelation methods of
arithmetic reasoning in Fraction Division through literature method, content analysis method and comparative
research method. The results show that there are great differences in these two aspects between different
versions of teaching materials. Therefore, combining the national conditions of various countries, seeking
common ground while reserving differences, provides a teaching path of fraction division based on national
conditions and absorbing the advantages of different countries, and provides theoretical support for the better
implementation of curriculum standards and textbooks.
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1 Introduction

According to the report of the International Association for the Evaluation of Educational Achievement, China,
Japan, South Korea, Singapore, Germany and America have achieved relatively good results in international
mathematical achievement comparison tests such as TIMISS and PISA. The reason is that elementary school
students' understanding of mathematics basically comes from classroom teaching and textbooks, and the
differences in textbooks may partly explain the differences in students' test performance. The textbooks of six
countries can concretely present the arrangement and development of curriculum content, carry curriculum
culture and transmit curriculum ideas.

Effective teaching of fraction arithmetic is essential. Among them, fraction division, as an important part of
"number and algebra", is a key link for students to expand the number system and deepen mathematical
understanding, and plays an irreplaceable role in students' subsequent understanding of decimals, ratios,
proportions, percentages and other concepts. Dividing by fractions is also a topic related to multiplication and
subtraction of fractions. Because the solution to fraction division depends heavily on the inverse multiplication
algorithm. Mastering the essence of fraction division is of great significance for cultivating students' number
sense. Therefore, the study of fraction division in textbooks is indispensable. Through in-depth study of its
teaching methods and strategies, we can help students better grasp this complex and important mathematical
topic and lay a solid foundation for their subsequent mathematical learning and application.

In the latest round of mathematics curriculum reforms, understanding arithmetic reasoning is an important goal,
which is more abstract and complex for elementary school students at this stage, but understanding arithmetic
reasoning can help students truly understand arithmetic reasoning. Many students have many difficulties in
understanding arithmetic reasoning, often only remember the arithmetic reasoning, through rote memorization,
step-by-step procedural operations to master mathematical knowledge, improve mathematical performance.
Therefore, the conflict between the importance of fraction division and the difficulty of understanding fraction
arithmetic reasoning makes fraction division a hot topic in mathematics education [1].

To improve students' conceptual understanding of fraction division, we can proceed from two aspects: the
meaning of fraction division and the revelation process of arithmetic reasoning. Ma Liping analyzed the
meaning model of fraction division in detail in " The mastery and teaching of primary school mathematics ". Jia
Suijun systematically sorted out the revelation model of fraction division arithmetic reasoning in " A
comparative study of primary school mathematics textbooks from the perspective of Conceptual understanding -
- A case study of "fractional Division™. The classification of these two scholars' models is highly consistent
with the content of 15 textbooks from 6 countries studied by the author, providing strong theoretical support for
the teaching of fraction division.

Based on the considerations outlined above, this paper, based on Jia Suijun's reasoning model [2] and Ma
Liping's model describing the meaning of fraction division operation [3], grounded in the two perspectives of
the models of the significance of fraction division, the revelation methods of arithmetic reasoning in fraction
division compares and analyzes models of fraction division meaning, the revelation methods of arithmetic
reasoning in fraction division in the textbooks of six countries. Therefore, it provides some relevant suggestions
for elementary school teachers on how to learn fraction division.

2 Research Design

2.1 Research objects

Asian countries such as China, Japan, South Korea and Singapore continue to show excellence in PISA
mathematics, with students in these countries performing well in both mathematical literacy and problem-
solving skills. In contrast, the performance of Western countries such as Germany and the United States has
continued to decline in this field, which makes people wonder why.
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In order to further explore this phenomenon, we can select the textbooks of different countries with different
levels of mathematics level for comparative study, which is expected to provide us with a more comprehensive
perspective, help us to better understand the advantages and disadvantages of mathematics education in different
countries, so as to provide useful reference and inspiration for improving the quality of global mathematics
education.

According to the wide influence and usage, the author selected 15 primary school mathematics textbooks
published by different publishers around the world as research objects.

They are widely available in six countries. We took into account the leading role of the government in the
selection to ensure that the samples could reflect different cultural and educational backgrounds. This standard
gives us a comprehensive understanding of the content and teaching methods of these textbooks and provides a
solid foundation for further study.

At the same time, the author gives priority to textbooks with strong universality. This means that the textbooks
selected are not only widely used, but also widely applicable to a variety of educational Settings and student
groups. Their content and structure are designed to cater to the needs of different learners, making them suitable
for comparison and analysis.

For example, California Mathematics: Concepts, Skils, and Problem Solving is the worm Machmilian (one of
the most famous international publications, with its high quality education, academic, research and literature
books product is famous for its) and Mc Graw-Hi(the famous Ivy League company in the United States, the
world's top 500 enterprises), two major educational publishing institutions jointly published primary school
mathematics textbooks, the textbook publishing house is the most influential basic education textbook
publishing house in the United States, and California mathematics education plays a pivotal role in the
development of mathematics education in the United States.

Table 1. Research objects

Nation Version Textbook version Publishing House
abbreviation
China RJ People's Education Press People's Education Press
Grade 6 Volume 1 [4]
The United CM California Mathematics Grade6 [5] The McGraw-Hill
States companies Glencoe
M5 My Math Grade5 [6] The McGraw-Hill
companies Education
HM Go Math Grade6 [7] Houghton Mifflin Harcourt
Singapore ™ Targeting Mathematics 6A [8] Star Publishing Pte Ltd
MC My Pals Are Here! Math Marshall Cavendish
6A 3rd Edition [9] Education
Japan Math 634 Math 6 (Math 634) [10] School Book Press
Math 631 New Math 6 (Math 631) [11] Tokyo Books Press
Math 638 Math 6 (Math 638) [12] Qilin Guan Press
Math 633 New Math 6 (Math 633) [13] Dai Nippon Book Press
Math 636 elementary school Math 6 Education Press
(Math 636) [14]
South TC Math 6-1[15] Genius Education Press
Korea
Germany WE Mathematik 6 Westermann
(Hauptschule Bayern) [16]
NA Lernstufen Mathematick 6 Cornelsen
(Neue Ausgabe) [17]
MB Lernstufen Mathematick 6 Cornelsen

(Mittelschule Bayern) [18]
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3 Methodology

The main research methods of this study are literature method, content analysis method and comparative
research method.

Literature method: Collect 15 primary mathematics textbooks from 6 countries, sort out their compilation
characteristics, sample questions and related research and other relevant literature, obtain a preliminary
understanding of primary mathematics textbooks and the compilation characteristics of sample questions,
summarize the categories reflected in the compilation characteristics of primary mathematics textbooks, and
then establish the text analysis framework of this study.

Content analysis: This method is a systematic and objective analysis of text content research means. When
discussing the characteristics and differences of mathematics textbooks in different countries, text analysis can
help us deeply analyze the text, charts, examples and other specific content in textbooks. This research is based
on the established framework of text analysis of sample questions in primary school mathematics textbooks of
six countries, and analyzes the text analysis and statistics of sample questions in the selected version of
textbooks, and then probes into their compilation characteristics.

Comparative research method: Based on each category of sample text analysis framework and text analysis of
all sample questions, compare the similarities and differences of the sample questions in each category of
various versions of textbooks.

3.1 Representation models of fraction division meaning

Ma Liping's research indicates that the meaning of fraction division operations can be revealed through three
models: the inclusion model, the part-whole model, and the product-and-factor model [3]. Among them, the
part-whole model includes a special type where the divisor is an integer. The meaning of fraction division in
such special cases is similar to the meaning of integer division [2]. Many researchers separate this special case
from the part-whole model, often referring to it as the equal sharing model. In this study, the 15 elementary
school mathematics textbooks from various publishers around the world generally follow these four types to
reveal the meaning of fraction division.

(1) Inclusion Model: Given a fixed total quantity of objects, known quantities for each share, the task is to
determine the number of shares contained in the total quantity. For example, the context of the The United
States’s CM textbook is illustrated in Fig. 1 [5].

(2) Equal Sharing Model: With a fixed total quantity of objects, the task is to divide the objects equally into a
certain number of shares and determine the quantity of objects in each share. For example, the context of
the German WE textbook is illustrated in Fig. 2 [16].

Cut two paper plates into four equal

pieces each to show 2 + T | l
1, ;
1. How many I are in 2 plates?

1
2. How would you model 3 + 5?

. | ,
3. What is true about 3 + = and 3 x 2?

Fig. 1. Inclusion model
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Alexander, Christiag'n und Daniel teilen 6
sich die restlichen § der Pizza. -4l . .

Welchen Bruchtcl dor ganzen pizza | Alexander, Christine and Daniel share 3 of the pizza
erhiilt jeder?

equally. What portion of the pizza will each get?

f-1 6 3 2
8 "8

6 Achtel : 5 = 2 Achtel
Jeder behommt 2 Achtel.
keh teile den Zahler

Read as six eighths divided by three equals two eighths,
and each person gets two eighths of a pizza. Divide every
six in the numerator by the divisor of three.

Fig. 2. Equal sharing model

(3) Part-Whole Model: The quantity of objects as a part of the whole is known, and the task is to determine the
quantity of objects as the whole. It is a hybrid model relative to the equal sharing and inclusion models. For
example, the contexts of the Chinese People's Education Press [4] and Japanese 636 textbooks [14] are

illustrated in Fig. 3.

1408 AT7 km How many kilometers did you walk in an hour?
3 A . 1
3 JAT? km How many kilometers did you walk in 3 hour?
L 1 1 ) . K " J
RJ 2 jek T 2km ' 2
n 3 PHAT m 1 walk 2 kilometers in 3 hour.
R < o
4 524 $ b1 42 1n -l
i 4 ERKGR 1IN S YR, 0RE A il S0 i
X N L0k sy 1 2 : g 1 % f . They ask how many kilometers they walk in an hour, but
AdgiAE, AA1IHERS ’:‘-,3‘ e, ThRESH they only know about two-thirds of an hour. Since there
1 ’-l"-»* ASVFR are three thirds of an hour, we can first figure out how
3 ! many kilometers we travel in one third of an hour.
ﬂs 2% - If 2dL paint can paint = square meters
AL TgmioReans 4 5
Math 636 RyFHH) 2T,

S0~y 14Tl of wall, how many square meters of wall
fimOREANZTL LI b

can be painted with 1dL paint?

Fig. 3. Part-whole model

(4) Product-and-Factor Model: The common representation of the product-and-factor model is "Area = Length
x Width," where area corresponds to the product, and length or width corresponds to the other two factors.
For example, the context of the Singapore MC textbook [9] is illustrated in Fig. 4.

A rectangular garden has a length of 43 m. Its areqg is 6% m?

What is the breadth of the garden?

aam Area of rectangle = Length x Breadth

Area = 65 m? | 17
\ s ‘

1
2

s,
68'4-‘3—]

The breadth of the garden is 13 m

Fig. 4. Product-and-factor model
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3.2 Revelation methods of arithmetic reasoning in fraction division

Intuitive geometry and deductive reasoning are the main ways to reveal the arithmetic reasoning in elementary
school (a new perspective of procedural knowledge curriculum design: the integration of arithmetic reasoning
and the integration of computational law) [19]. In the fraction division operation, there are four main ways to
reveal the arithmetic reasoning in fraction division: intuitive geometry; Intuitive geometry combined with
multiplication; Deductive reasoning based on intuitive geometry; Deductive reasoning supplemented by
intuitive geometry; Deductive reasoning [2].

(1) The intuitive geometry
According to the meaning of fraction division, the results of fraction division problems are obtained directly by
means of geometric figures or other intuitive geometrys. For example, in the South Korean TC textbook [15],

5/6+1/6=5 is directly presented by dividing the number line. (See Fig. 5)

2Ly owal Avsien) wotuale,

= : 5
: ] ] How do I calculate >+ 2 7
i1 2 3 4 5 6 6
0 6 6 6 [ ® i
: 1 5
o %cﬂl)ﬂ %% 2 9 "o g 4= sl How many times can I subtract 2 from z ?
5.1, 51 AZF 2 - 5 1. 2
o &g UrtHE AR ‘What do you think = + = 1s7?
6 6

B i . o i . . !
0 5T SR v AdHE F2A A mu, a9A 44% | Consider whether it is appropriate to convert
olf-& olofrlE BAle,

%*%:DH:I:D to 5+ 1, and explain why you think so.

ol;
o=

Fig. 5. The example of the intuitive geometry
(2) Intuitive geometry Associated with Fraction Multiplication

Obtain the result of fraction division through intuitive geometry, then express this result using fraction
multiplication, thereby establishing the relationship between fraction division and multiplication operations [2].
For example, in the The United States’s CM textbook [5], the example of 4 + 1/3 = 12 involves first obtaining
the result of 4 + 1/3 through intuitive geometry as 12 and then connecting it with multiplication operations to
discover that 4 x 3 equals 12. By associating intuitive geometry with fraction multiplication, a general
arithmetic reasoning for fraction division can be derived: dividing by a fraction is equivalent to multiplying by
the reciprocal of that fraction (see Fig. 6).

Dividing 8 by 2 gives the same result as multiplying 8 by %, which
is the reciprocal of 2. In the same way, dividing 4 by i‘ is the same as
- + 3

.

multiplying 4 by the reciprocal of 1? or 3.

¥ {{reciprocals [—{_reciprocals ]

— 4 4 =

(SR
=
W«

8+-2—4 g - =12 4-3=12

Is this pattern true for any division expression?

Consider % == :;' which can be rewritten as %

1
Multiply the numerator and denominator
by the reciprocal of %, which iis %_

Wl

iafw]ml
2|~

X
W e

BN ua g

)( =
Ll
&alw
X
&
I

w~

S0, £ = 32 _ F 4 N oS SuEmes = £ ing rule for
So.g -4 =8>3 These examples suggest the following rule for

dividing, fractions.

Fig. 6. The example of intuitive geometry associated with fraction multiplication
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(3) Deductive Reasoning Based on Intuitive geometry

Utilize intuitive geometry to establish a mathematical conclusion, and then, starting from this conclusion,
employ deductive reasoning to discover a new mathematical result [2]. For instance, in the Singapore MC
textbook [9], when solving 5 + 2/3, intuitive geometry reveals that there are three occurrences of 2/3 in 2. This
becomes a crucial mathematical conclusion. Based on this conclusion, we can determine that 1 contains 3/2
occurrences of 2/3, and subsequently, 5 contains 5 x 3/2 occurrences of 2/3. Through deductive reasoning, a new
mathematical result is obtained (see Fig. 7).

This approach differs from " The intuitive geometry " and " intuitive geometry associated with fraction
multiplication™ in two main aspects. Firstly, " The intuitive geometry " relies solely on intuitive geometry to
derive mathematical conclusions without presenting any additional explanations or reasoning. Secondly,
"deductive reasoning based on intuitive geometry " primarily depends on explanations and reasoning to obtain
mathematical conclusions, with intuitive geometry serving as the starting point for explanations and reasoning
[2]. Secondly, "deductive reasoning based on intuitive geometry " reveals the intrinsic connection between
fraction division and multiplication, answering the question of "why dividing by a fraction is equivalent to
multiplying by its reciprocal.” Although ™ Intuitive geometry associated with fraction multiplication™ also
establishes a connection between fraction division and multiplication, the mechanism of this "intrinsic
connection” remains a black-box problem and has not been answered positively (see Fig. 7).

€ Vvrariss = ;7

3 3 3 3 3 3 3 3 How many % are

T T = T T2 ¢ there in 5 wholes?
Number of two-thirds in 2 wholes = 3
Number of two-thirds in | whole = :{
Number of two-thirds in 5 wholes = 5 X },

2 3
So 5 3 =5%x3 Dividing by 1; is the
3 = sama as multiplying by —.
= = = 7=

Fig. 7. The example of deductive reasoning based on intuitive geometry
(4) Deductive reasoning supplemented by intuitive geometry

The fraction division rule is constructed by deductive reasoning mainly in virtue of fraction meaning and
fraction multiplication meaning. The intuitive geometry only plays an auxiliary role, and the extraction of
intuitive geometry has little influence on the reasoning process.

The Japanese arithmetic 634 textbook [10] contains deductive reasoning supplemented by intuitive geometry
(see Fig. 8). The problem to be solved in Fig. 8 is: 3/4 liter of paint can paint 2/5 square meters of wall surface,
so how many square meters of wall surface can be painted with 1 liter of paint? According to the meaning of the
score, 3/4 is 3 1/4, then the wall painted by 1/4 liter is 2/5+3=2/5%x1/3=2/15. According to the meaning of the
score, 1 contains 4 1/4, then the wall painted by 1 liter of paint is 2/15x4=8/15.

) PLEAOER PUSA R
S Thnd, S
AL TBRIEME, o 29 TRHHERY i
. | *
223 2,
5 32 y Z:3d /\
o L3 [ 2 —335
‘ 1L TR 3 E#ME, BHIBA + | 1oL TRAHERY gﬁﬁ e
2. HE | H H
2. 3x4¢m) & . | 2, i ;
~viog 253 x4(m) Zs
S 7 | T (L) ‘ 5 wRHE 1L
2,32 g0y T\ e 2.8 =\ e
staTs? Sheo Ixt 3
7 ‘ 54 5
x4
=2 x4 =2 x4
5x3 ‘ 5x3
| _2x4 _2x4
’ s 53
=UJ ’ -u
[ [N

Fig. 8. The example of deductive reasoning supplemented by intuitive geometry
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(5) Deductive reasoning

The arithmetic reasoning of fraction division is revealed by deductive reasoning, mainly by means of invariant
properties of quotient and fraction multiplication law. In this process, there is no penetration of intuitive
geometry. For example, in the Japanese arithmetic 634 textbook [10], 2/5+3/4 is used as an example to reveal
the arithmetic reasoning of fraction division. (See Fig. 9)

@ REHEAROER REBHER # 4 %
() .
e’ hYRE, HSRIREPIHCALHENTTE, BEttabYEE AR

Ry
‘ FBR kP, SR SRR B LA DI BT 098, T AR 5K 45 A
RUTT. G, HoHANYHINNBFHIHNBHENTILI | B, BB SR B B A R DL BR Bt M 3
2.3 (2x4)+ (344) 1 2.3 (2,8) 4 (354 |
574 \573/)7&*3 ENSTHEBNEAE 23-(39)+ (=3 TN T
3k 255 ceoTLans 2,4 o M AL !
=£xts =Lxt. B, e o
53 LG mALT CHEN ga IO
=2h_2X WBTEIZBB0. 22,k 2%4 [ X3t
5%375x 5 3"5%x3 LJ

1
v

Fig. 9. The example of deductive reasoning
3 Results
3.1 Significance of fraction division

The models of the significance of fraction division in each teaching material are illustrated in Table 2.

Table 2. Models that introduce the meaning of fraction division

Nation Textbook version Using models
China People's Education Press< Part-Whole Model
Equal Sharing Model
The United States CM Inclusion Model
M5 Inclusion Model
HM Inclusion Model
Singaporee ™ Equal Sharing Model
Part-Whole Model
MC Part-Whole Model

Inclusion Model
Product-and-Factor Model
Equal Sharing Model

Japan Math 634 Part-Whole Model
Math 631 Part-Whole Model
Math 638 Part-Whole Model
Math 633 Part-Whole Model
Math 636 Part-Whole Model
Germany WE Equal Sharing Model
Inclusion Model
NA Equal Sharing Model
Inclusion Model
MB Equal Sharing Model
South Korea TC Inclusion Model

Fraction division is the inverse operation of fraction multiplication. The inclusion model and the equal division
model are based on the concept of "a certain number of a certain quantity"” in the multiplication of fraction, the
former emphasizes how many parts, that is, the "a certain quantity" in the front, the latter emphasizes how many
parts, that is, the "a certain number" in the back, and students can understand the rationality of the fraction
division operation from the cognitive basis of the fraction multiplication.
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Part-Whole Model emphasizes the concept of "unit" and focuses on students' reasoning and analysis ability of
reverse thinking. Product and factor models combined with intuitive geometry make it easier for students to
understand and relate to reality, and have a deeper understanding of fraction division.

The model the significance of fraction division used in the United States and South Korea is relatively simple.
The inclusion model is used in the United States and South Korea, and the reason is related to the curriculum
standards in the United States and South Korea. The new curriculum standards of the two countries not only
focus on letting students master the arithmetic reasoning of fraction division, but also emphasize the application
of practical problems, so as to cultivate students' ability to flexibly use mathematical knowledge to solve
complex problems, rather than just staying in the mechanical calculation level.

Japanese curriculum standards focus on students' better understanding of the concept and operation methods of
fractions as well as their application in practical problems, and put forward higher requirements for the
application of arithmetic reasoning. Therefore, Japanese textbooks use part-whole model in the significance
model of fraction division, and design multiple methods for one model to help students understand the
consistency of the significance of fraction division.

German curriculum standards focus on cultivating students' multidimensional understanding and application
ability of fraction division, and the equal division model adopted by them emphasizes the concept of equal
distribution and part-whole, which is applicable to many problems involving equal distribution. The inclusion
model, on the other hand, emphasizes partial inclusion and unequal distribution, and is suitable for more
complex problems, such as allocating different amounts of resources or calculating unequal ratios. Through the
introduction of these two types of models, the new curriculum standards in Germany aim to enable students to
cope with different types of fraction division problems in a more comprehensive way. This kind of relatively
balanced method is helpful to satisfy the learning needs of different students, help students better understand
mathematical concepts, solve practical problems, and promote the overall development of mathematics
education.

Singapore's curriculum standards emphasize not only the development of multidimensional application skills,
but also a deep understanding of fraction division. In the TM and MC versions of the textbook, the four models
of equal division, inclusion, part-whole, product and factor are involved, so that students can deal with different
types of fraction division problems more comprehensively, promote the development of mathematical thinking
and problem solving ability, and cultivate their mathematical literacy and creative thinking.

Chinese curriculum standards emphasize the effectiveness and depth of mathematics education. The introduction
of the equal division model and part-whole model provides students with an intuitive and effective way of
learning, which helps students better grasp the knowledge and skills of fraction division, so as to help students
deeply understand the concept, establish a solid mathematical foundation, cultivate mathematical thinking and
the ability to deal with practical problems.

To sum up, curriculum standards are not only a guide for the preparation of textbooks, but also a basis for
evaluation. As the main carrier of curriculum standards, textbook carries the core value of education. Through
in-depth analysis of curriculum standards in various countries, we find that: in the selection of materials, the
arrangement of each chapter and detail of the textbook is tightly tied to the requirements of the national
curriculum standards, reflecting the training requirements of the core literacy of the country, which is conducive
to the guidance of teachers and the exploration of students.

3.2 Revelation methods of arithmetic reasoning in fraction division

See Table 3 for the detailed models of revelation methods of arithmetic reasoning in fraction division in each
textbook.

The models used in The United States’s textbooks are basically geometric and intuitive, with a small part
associated with fraction multiplication and less deduction. Germany and South Korea are similar to the United
States in that they basically focus on complete intuitive geometry, which is partly related to the emphasis on
practical problem solving in the curriculum standards of these countries.
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In Singapore, there are three types of models for explaining the arithmetic reasoning of fraction division, and
there are also different ways to explain the revelation methods of arithmetic reasoning in fraction division,
which is relatively comprehensive and complete, echoing the Singapore curriculum standards that emphasizes
students' multidimensional understanding of fraction division.

Fraction division in the teaching material of Peoples Education Press presents intuitive geometry, but the
teaching material is more inclined to reveal the arithmetic reasoning through deductive reasoning, and intuitive
geometry is only an auxiliary means of deductive reasoning [2]. In the process of reasoning, two types of
reasoning are used, intuitive geometry and deductive reasoning supplemented by intuitive geometry, and more
attention is paid to the level of reasoning, which is closely related to the Chinese curriculum standard that
emphasizes the effectiveness of mathematics education and the depth of mathematics learning [20].

Table 3. Shows the model of revelation methods of arithmetic reasoning in fraction division

Nation Textbook version Using models
China Peoples Education The intuitive geometry
Press Deductive reasoning supplemented by intuitive geometry
The United CM Intuitive geometry Associated with Fraction Multiplication
States M5 The intuitive geometry
HM The intuitive geometry
Singapore TM The intuitive geometry
Deductive Reasoning Based on Intuitive geometry
MC The intuitive geometry
Deductive Reasoning Based on Intuitive geometry
Deductive reasoning supplemented by intuitive geometry
Japan Math 634 Deductive reasoning
Deductive reasoning supplemented by intuitive geometry
Deductive Reasoning Based on Intuitive geometry
Math 631 Deductive reasoning
Intuitive geometry Associated with Fraction Multiplication
Deductive reasoning supplemented by intuitive geometry
Math 638 Deductive reasoning
Intuitive geometry Associated with Fraction Multiplication
Deductive reasoning supplemented by intuitive geometry
Math 636 Deductive reasoning
Intuitive geometry Associated with Fraction Multiplication
Deductive reasoning supplemented by intuitive geometry
Math 633 Deductive reasoning
Intuitive geometry Associated with Fraction Multiplication
Deductive reasoning supplemented by intuitive geometry
Germany WE The intuitive geometry
NA The intuitive geometry
MB The intuitive geometry
South TC The intuitive geometry
Korea
ol i @y wuHanoIL ek Bk e
@ |0 INES R, B3R ‘ """’ DENIREDIRIACRINTTL, AditabIBE ) @l‘ﬂmmﬂb&. KRTH4 %98, ) @nmnnwnuuc:m. lwnnsmu:
l:&llu‘ s H.‘:v;.’f«': :xhnlmh}nﬂim:hHIN!IM'-'IU:. g‘ﬁ,;ﬁ ”_1. M‘A’. !DM"IH!’/I!MMD?I&
SL” | }, :-'l'z(s'a)'( ) ma ‘ s‘n” 11 53‘(2':)G';>
1A TondENG In wdxde ) A TRUERY In alxdy
dabon w1 2 l J ‘ Lilaew Wi i e Bt )
"5 Wvceon () e ——— = Wieot | @ semsineamn,
8,0.8,¢ ! 0.8,¢
A ACAD P ¢ PR —) AcAD

Fig. 10. The revelation methods of arithmetic reasoning in fraction division of Japanese textbooks
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Comparing the curriculum standards of China and South Korea, it is found that both countries pay attention to
arithmetic reasoning. China focuses on intuitive geometry so as to help students understand arithmetic reasoning
in fraction division, which is more abstract and general; South Korea puts more emphasis on the diversity of
arithmetic reasoning and the use of "learning materials” in textbooks.

The revelation methods of arithmetic reasoning of Japanese textbooks is more special, and the author will take
Japanese arithmetic 634 textbook [10] as an example to illustrate it.

The arrangement of Japanese textbooks has reached a high degree of consistency, there are more than three ways
to explain the same topic, and the exploration of a topic is relatively profound. In the revelation methods of
arithmetic reasoning, deductive reasoning supplemented by intuitive geometry and the reasoning associated with
intuitive geometry and fraction multiplication are mainly used. Through role play to show different reasoning
methods, from intuitive to abstract, progressive presentation, it is more conducive to students' deep
understanding of arithmetic reasoning. Its design is also very novel.

Based on the curriculum standards, the research on the revelation methods of arithmetic reasoning in textbooks
of various countries is conducive to the understanding and implementation of the meaning of fraction division,
and is conducive to teachers' effective teaching according to students' cognitive level. The grade who learn
fraction division is senior elementary school students, and the core quality of elementary school includes
reasoning consciousness, while junior middle school students include reasoning ability. The development of
mathematical ability of senior primary school students requires that reasoning consciousness be connected with
junior middle school reasoning ability, but senior primary school students still stay in the concrete operation
stage, and need geometric and intuitive assistance in the process of revealing and reasonably explaining
arithmetic reasoning. However, the overall adoption of intuitive geometry will cause students to be afraid of
difficulties when they encounter problems requiring high logical thinking such as reasoning proof, which
hinders the development of students’ deductive ability. Therefore, in the mathematics textbooks of senior
primary schools, based on the connection between psychological development stage and elementary school, how
to deal with the proportion of intuitive geometry and deductive reasoning needs to be explored.

4 Discussion

After studying 15 textbooks, the author found that most countries often demonstrate the meaning of fraction
division from a single dimension. This narrow interpretation simplifies the understanding difficulty for
beginners to a certain extent. However, from the perspective of knowledge construction, it fails to fully reveal
the deep meaning and multiple applications of fraction division, making students' understanding of this concept
tend to be one-sided. This one-sided revealing process not only limits students' deeper understanding of fraction
division, but also hinders them from building a complete and three-dimensional mathematical knowledge
network. Therefore, we need to find a more comprehensive and profound way to reveal the meaning of fraction
division, so as to promote students to better understand and master this important mathematical concept.

After a thorough exploration, the author found that the singularity of the revealing process of fractional division
lies in the narrow dimension of its meaning. The meaning of each fraction division often corresponds to only
one or two ways of revelation, which not only hinders students' progress in understanding deeply, but also
makes it difficult for them to build a complete knowledge network. Therefore, we need to enrich the meaning
dimension of fraction division. By revealing the connotation and application of fraction division from multiple
dimensions and perspectives, we can broaden the path of its revelation process, provide students with more
diversified learning experiences, and help them establish a complete and profound knowledge network.

To overcome this limitation, we need to tap into the power of reasoning and explore the inherent connections
between fraction division and other related knowledge, such as the meaning of fractions and fraction
multiplication. By gradually reasoning from fraction multiplication and the meaning of fractions to fraction
division, we can deeply reveal the underlying significance of fraction division and achieve effective knowledge
transfer. In this process, we can not only closely link knowledge points such as the meaning of fractions, fraction
multiplication, and fraction division to form a complete knowledge network, but also deepen students'
conceptual understanding of fraction division, cultivate their logical thinking and reasoning abilities, and lay a
solid foundation for future learning and research. Therefore, we should pay attention to the application of
reasoning in mathematics teaching, guide students to think deeply and explore, so that they can truly grasp the
core meaning of fraction division and achieve internalization and sublimation of knowledge.
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5 Suggestions

In the field of elementary mathematics education, fraction division is a crucial topic. By comparing the meaning
of fraction division and arithmetic in textbooks of different countries, we provide the following beneficial
suggestions for elementary school mathematics teachers to improve the teaching method of fraction division, so
as to better satisfy the learning needs of students.

Firstly, we suggest that teachers should focus on two aspects in the teaching of fraction division: one is the
meaning of fraction division, and the other is the revelation methods of arithmetic reasoning in fraction division.
The meaning of fraction division is the foundation for students to understand this concept, while the revelation
methods of arithmetic reasoning is the key to helping students master operational skills. Therefore, when
designing teaching activities, teachers should ensure that both aspects are fully attended to and explained, thus
ensuring that students can comprehensively and deeply understand the essence of fraction division.

Secondly, we suggest that textbooks should present multiple meanings when explaining the meaning of fraction
division. A single meaning may limit students' understanding depth and breadth, while multiple meanings can
help students recognize fraction division from multiple perspectives and form a more complete and three-
dimensional knowledge network. Such textbook design will help students better grasp the core meaning of
fraction division and flexibly apply it in actual calculations.

These two suggestions are aimed at improving the teaching effect of fraction division and meeting the learning
needs of students, focusing on teaching and textbooks respectively. We hope that these suggestions can provide
useful references for elementary school mathematics teachers and promote the continuous improvement and
development of fraction division teaching.

6 Conclusion

Through the comparative study of 15 elementary school mathematics textbooks "fraction division" from "China,
Japan, South Korea, Singapore, The United States and Germany", this study analyzes that there are great
differences in the representation Models of Fraction Division Meaning and the revealing process of arithmetic
reasoning.

Based on the curriculum standards of different countries, the author explains the reasons for the differences, and
expounds the meaning model of fraction division in different countries and the relationship between the
proportion of intuitive geometry and deductive reasoning according to the connection between the psychological
development of students in the upper grades of elementary school , clarify the context so as to find a suitable
learning path for students and a teaching method in line with the national conditions. At the same time, the
author will select practical schools to carry out action research, and put the above theoretical results into practice,
so as to effectively implement the new curriculum standards and teaching material requirements, and truly
achieve the purpose of "light burden and high quality".
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