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Abstract

Aims/ objectives: Cyclic recurrence of measles epidemics in developing countries induced high mortality,
especially among malnourished children. In Niger, as the disease exhibits clearly seasonal outbreaks, we observe
increasing incidence during the dry season, from October to June. In this article, we perform an inference on
reported cases during 2017-2018 measles outbreak to yield effective reproductive number,Rp, for each of the
eight administrative regions in Niger. Our method is based on the stochastic model SIR with vaccination of
measles, relying on the Metropolis-Hastings algorithm as an analysis tool. The choice of this model takes into
account the random fluctuations inherent to the epidemiological characteristics of rural populations of Niger,
notably a high prevalence of measles in children under 5 years, coupled with very low immunization coverage.
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It follows from this analysis that some regions of Niger remained potentially vulnerable to measles outbreaks
due to a very high Rp value in these regions, As evidenced by our simulation of epidemic trends in these
regions, this is the case of the regions of Tahoua and Zinder. However, the low birth rate had sheltered certain
regions from measles outbreaks, such as the Diffa and Dosso regions. We have indeed noted two dominant
factors that explain the high values of Rp in these eight regions, the low vaccination coverage and the high birth
rate. Mathematical models allow a better understanding of the dynamics of disease spread in a population.
However, difficulty in data collection processes and estimation of statistics parameters limit their range in
statistical analysis of epidemic spread. Other hand the numerical resolution takes a long time computationally.

Keywords: Measles; Compartmental model; basic reproductive number; Markov chains; Monte Carlo methods;
Stochastic simulation; Niger.

1 Introduction

Measles is a highly contagious infectious disease caused by a morbillivirus, measles virus. Once a person has
become infected, no specific antiviral treatment is available [1]. Transmission is mainly by direct contact with
mouth or nasal secretions. Complications are more likely in children under 5 years and adults over 20 years [2, 3].

In developing countries, like Niger, measles remains one of the main causes of infant mortality because children
under 5 years remain the most affected, summing up to 90% of deaths for this age group [4, 5, 2, 6]. In sub-
Saharan Africa, and even more in areas where vaccination coverage is not optimal, the case fatality is one of the
highest, reaching 5− 10%, compared to that of high-income countries, where we have 1 death in this age group
out of 1000 measles cases [7, 8, 9].

A fundamental concept that has come out of the measles transmission process is that of the basic reproduction
number R0. It is defined as average number of secondary infections produced when one infected individual is
introduced into a host population where everyone is susceptible [10, 11]. It is well-known that R0 is a threshold
parameter in the course of the spread of measles disease. In fact, if R0 < 1, the disease will eventually disappear
from the population, while if R0 > 1 the disease can spread as an epidemic in the absence of health interventions.

In a partially immunized population, the effective reproduction numberRp is the analogue of the basic reproduction
number R0, where p is the proportion of newborns vaccinated, and exhibits the contribution of vaccination in
the control of an epidemic. In fact if Rp > 1, the minimum proportion of the susceptible population that must
be vaccinated to prevent an epidemic is 1− 1/Rp, called the critical vaccination coverage of newborns [12].

In this wake, we estimate the effective reproductive number of 2018 measles outbreaks for each region using
the Metropolis-Hasting Algorithm (MHA) and biweekly recorded measles cases. However, it is very difficult to
forge a suitable statistical link between measles times series and a mathematical model, because only one state
variable, the number of infected individuals, is observable. Moreover, it appears that in most situation, this
variable is under-reported.

Section 2 is devoted to our materials and methods, we start by summarizing data related to characteristics of
measles in Niger, following by our SV IR model, which describes the stochastic dynamics of the disease. Then,
we end this section with our analysis tools relying heavily on the Metropolis-Hastings algorithm.

In section 3, we present the results of inference and some numerical simulations. Hence, we compare biweekly
reported cases data to means of theirs analogues simulated from the estimated parameters. Our results should
start a discussion and could aid the stakeholders to design strategic vaccination coverage for each region in Niger.
Concluding remarks and direction for future research are provided in section 4.
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2 Materials and Methods

2.1 Measles facts in Niger

Niger’s population annual growth rate is 3.9%, as resulted from the last National population census hold in
2012. Henceforth, in 2018, the population of Niger amounted to 21, 561, 121 with 4.32% allocated for infants
under 1 year, 19.73% under 5 years and children under 15 years cumulate up to 51.18%.

Cases of measles have been obtained from the national compulsory notification disease database (Maladies
à Déclaration Obligatoire – MDO Niger). Fig. 1. is a sample of measles cases obtained from MDO Niger
database [4].
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Fig. 1. A sample of measles cases, between 0− 5 years range
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Fig. 2. Age group 0-5 years. Population projection 2012-2035

For the elimination of measles, in addition to national measles routine vaccination, Niger has planned Supplementary
Vaccination Activities (AVS) against measles from 2012 to 2020 in all health districts. The primary vaccination
is one dose administered in children between 9 and 11 months. Measles vaccine is 95% effective for preventing
the disease just after one dose [2].
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Table 1. Measles vaccination coverage (VC) in children between 0− 5 years database:
DSRE/PEV NIGER 2018

Region <= 5years δ = 5q0 < 1year V C

Agadez 116144 0, 046 21094 54%
Diffa 143583 0, 093 26125 59%
Dosso 59299 0, 133 111486 71%
Maradi 1075694 0, 114 200921 61%
Niamey 247285 0, 056 43630 35%
Tahoua 928445 0, 072 169026 64%
Tillabery 807368 0, 141 151208 61%
Zinder 1096005 0, 093 207477 80%

Measles is endemic in urban areas and remains frequent in areas where vaccination coverage is low. Age-
dependent attack rate (AR) is likely to be higher in susceptible children less than 12 months of age. Table 1.
shows measles VC in children between 0− 5 years [4] and child mortality risk (δ = 5q0), defined as risk of death
before 5 years [13]. Fig. 2. gives a repartition per region of children in the 0−5 years range, the shading intensity
reflects the importance of frequency.

According to MSF(Médecin Sans Frontière), to prevent the spread of measles, the protection of the population
must reach a minimum of 95%. Such coverage rate is difficult to maintain among this population where a
large part has transhumance livelihood with little access to the vaccination, usually available in urban health
centers [14]. . By the way, there exists a batch of such infrastructures where the vaccination coverage rate does
not even go beyond 50% (MSF). Fig. 4. represents measles cases reported from 2011 to 2018 and Fig. 3. show
measles cases per region recorded in 2018 as well as vaccination coverage, represented by ray discs proportional
to vaccination coverage [15].
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In a small, isolated population, measles epidemic cannot persist [16, 17, 18], Indeed, the spread of the disease
subsides at term, due to a progressive immunization of a growing proportion of the population. Thus, in such
a context, measles can only be endemic after regular importation of the virus, generally from infected migrants
from large urban centers [19].

2.2 Mathematical model

In what follows, S(t), I(t), R(t) denote respectively the number of susceptible, infected and immunized (susceptible
vaccinated and recovered patients) at time t.

In this model, the new susceptible are introduced at a constant rate n. A fraction, pn, of newborns has acquired
immunity by vaccination, the other fraction (1− p)n remains susceptible. We assume that:

• the natural death rate is δ for each compartment.

• infectious individuals recover at the rate of γ.

• infectious individuals have an additional µ death rate from measles.

• we consider the standard incidence f(I, S) = βSI, β is the disease transmission coefficient. β is the
average probability of an adequate contact between an infected and a susceptible per unit of time.

Under these assumptions we have [20, 21]:

Rp =
(1− p)nβ
δ(µ+ γ + δ)

(1)

In addition, Xt = (S(t), I(t))t≥0 is a continuous-time homogeneous Markov chain on the denumerable state
space N2 = {0, 1, 2, · · · }2. First, we assume that ∆t can be chosen sufficiently small such that at most one
change in state occurs during the time interval ∆t. In particular, there can be either a new infection, a birth, a
death or a recovery. From of state {Xt = (s, i)}, only the following states are accessible:

(s, i); (s+ 1, i); (s, i− 1); (s− 1, i); (s− 1, i+ 1).

222



SEYDOU and TESSA; J. Adv. Math. Com. Sci., vol. 38, no. 10, pp. 218-232, 2023; Article no.JAMCS.109268

corresponding to the possible transitions starting from the state (s, i). Xt has an absorbing set corresponding
to disease-free equilibrium states E0 = {(s, i), s ≥ 0; i = 0}. Let V(s,i) be the set of neighbors of state (s, i):

V(s,i) = {(s+ 1, i); (s− 1, i+ 1); (s− 1, i); (s, i− 1)}

Setting τ(s,i) = n(1− p) + βis+ δs+ (µ+ δ + γ)i, the transition probabilities of Xt = (S(t), I(t)), are defined
by

P(∆Xt = (h, k)/Xt = (s, i)) = 

n(1− p)∆t+ o(∆t) if (h, k) = (1, 0)

βsi∆t+ o(∆t) if (h, k) = (−1, 1)

δs∆t+ o(∆t) if (h, k) = (−1, 0)

(µ+ δ + γ)i∆t+ o(∆t) if (h, k) = (0,−1)

1− τ(s,i)∆t+ o(∆t) if (h, k) = (0, 0),

(2)

where ∆Xt = Xt+∆t −Xt and those Rt process are defined by:

P(Rt = l/Xt = (s, i), Rt = r) = 

γi∆t+ o(∆t) if l = 1

δr∆t+ o(∆t) if l = −1

1− (iγ + δr)∆t+ o(∆t) if l = 0

(3)

In stochastic SV IR model, the process Xt = (St, It) is a Markov chain resulting from a set of transient states
N2 − E0, which evolves until it escapes to a set of absorbing states corresponding to disease-free equilibrium.

When the process reaches the set of absorbing states, it remains there permanently. However, before the instant
of absorption, which is relatively long, the process passes through a quasi-stationary state. Under some conditions
on Rp, the quasi-stationary distribution of the number of infected exists and can be closely approximated by
geometric distribution [20, 21].

2.3 Usage of Metropolis-Hastings algorithm

Let θ = (I0, β, µ, γ, S0, δ, n, p) = (θm, θe) be the vector of model parameters where θe = (S0, δ, n, p) is the vector
of parameters relative to the environment and θm = (I0, β, µ, γ) is the vector of parameters related to the disease.
I0 and S0 are respectively the number of infected and susceptible at time 0. Let the sequence of the number of

infected individuals, (Ck)1≤k≤N in the time interval ]k−1, k]: Ck =

Nk∑
j=1

I{∆Itj =1}, where Nk is the jump number

of (It)t≥0 in the interval ]k − 1, k]. Then the series (c∗k)1≤k≤N is a partial observation of (Ck)1≤k≤N , that is, if
(ck)1≤k≤N is a realization of (Ck)1≤k≤N then for all 1 ≤ k ≤ N, ck = ρc∗k

Similarly (Dk)1≤k≤N for the observations (d∗k)0≤k≤N . The parameter ρ(k) = ρ depends on the environment, it
is supposed to be constant during the observation period.

The objective is to estimate the vector θm for a value of θe fixed, given time series of reported cases (c∗k)0≤k≤N
and reported deaths (d∗k)0≤k≤N observed. Recall that p is the proportion of newborns vaccinated. Let V E be
the vaccine efficacy, we estimated p of p = V E × V C. We assumed V E = 95%.
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The unit of time is two weeks, corresponding to exposed and infectious period of measles[22]. In this case θ is
the vector of the values of these parameters per unit time. The series (c∗k)0≤k≤N is reported at a rate ρ and c∗k is
the number of individuals infected during the period ]k − 1, k] and we count during the same period d∗k deaths.

Fig. 5. shows a sample path of (It) for Parameters values: S0 = 100 ; I0 = 2 ; β = 0.69 ; δ = 0.25 ; µ = 0.02 ;
γ = 0.14 ; n = 3.33 ; p = 0.40 ; t ∈ [0 26] ; k ∈ {1, · · · , 26}. Rp = 13, 44995. In Fig. 6, we have biweekly cases
of (It).
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Let L(I, S, C,D, θm/c
∗, d∗, θe) be the joint conditional distribution of the unobservable process and unknown

parameters θm,, given the observable process and known parameters θe, we may write:

L(I, S, C,D, θm/c
∗, d∗, θe) =

P ({Ik, Sk}, {Ck, Dk}, 0 ≤ k ≤ N, θm/{c∗k}, {d∗k}, θe) .
(4)

Setting
L∗(.) = L(./{c∗, d∗, θe}),

the problem reduces to the study of L∗({C,D, θm}). But it is necessary to find the relation between {Ik+1, Sk+1}
and {Ik, Sk, Ck, Dk} beforehand, in other words find a solution to the problem of the following filter by looking
for the correct transfer functions H1 and H2 in the diagram Fig. 7.

Ck

θ
Dk

Ik SkSk−1Ik−1

k − 1 k

Fig. 7. Model Filter

Ik = H1(Ck, Dk, Ik−1, Sk−1, θ, ε) et

Sk = H2(Ck, Dk, Ik−1, Sk−1, θ, ε) ,

where ε is a random variable, Ik and Sk are respectively the numbers of infectious and susceptible at the end of
the period ]k − 1, k].

It follows from model assumptions the following relationships, for all k, 1 ≤ k ≤ N

Sk = (1− δ)(Sk−1 + n(1− p)− Ck)

Ik = (1− γ)(1− δ)(Ck −Dk)
(5)

Then we may write now the joint posterior distribution :

L∗(θm/{C,D}) ∝ L∗({C,D}/θm)π∗(θm) (6)

where the constant of proportionality is given by

∫
Θ

L∗({C,D}/u)π∗(du), (Θ, π∗) is the parameter space and

π∗ is a joint prior distribution of θm conditional to {c∗, d∗, θe}. We consider now following marginal prior
conditional distributions: 

L∗(I0/θe) = geom(1− p0)
L∗(µ/I0, θe) = beta(1, (1− κ1)/κ1)
L∗(γ/I0, µ, θe) = beta(1, (1− κ3)/κ3)
L∗(β/I0, µ, γ, θe) = beta(1, (1− κ2)/κ2),

(7)

where:

p0 =



Rp si Rp < 1

β

β + δ(Rp − 1)
si Rp > 1

0.50 si Rp = 1,

(8)
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geom(1− p0) denotes the geometric distribution with 1− p0 parameter(seasonal outbreaks start from in quasi-
stationary regime[21]) and beta(a, b) is the beta distribution with shape parameters a and b, used to take into
account outbreaks’s characteristics and take a deviation from the uniform distribution generally used for these
parameters with values in [0 , 1].

we recall that Rp =
n(1− p)β
δ(µ+ δ + γ)

and κ1, κ2 and κ3 are augmented data about the observations.

The data augmentation methods have often used to augment the observed data with the pieces of information
required to write easily the likelihood [23], here the lethality rate(LR) for κ1, the attack rate (AR) for κ2 and
κ3 = (1− κ1)(1− δ). Then we can write π∗(θm) =

L∗(β/I0, µ, γ, θe)L
∗(γ/I0, µ, θe)L

∗(µ/I0, θe)L(I0/θe) (9)

We model the temporal evolution of an epidemic as a Poisson flow of infections with a binomial chain of
deaths[24, 25]. Precisely we set:

L∗(Ck+1, Dk+1/Ck, Dk, θm) =

L∗(Dk+1/Ck+1, Ck, Dk, θm)L∗(Ck+1/Ck, Dk, θm)

and
L∗(Ck+1/Ck, Dk, θm) = Poiss (βSkIk)

≈ Binom
(
Sk, 1− e−βIk

) (10)

L∗(Dk+1/Ck+1, Ck, Dk, θm) = Binom (Ck+1, µ) . (11)

It follows from equations 10 and 11 that the complete data likelihood for our model is

L∗({C,D}/θm) =

N−1∏
k=0

L∗(Ck+1/Ck, Dk, θm)L∗(Dk+1/Ck+1, Ck, Dk, θm). (12)

3 Results and Discussion

In this section, we present the results from the application of Metropolis-Hasting algorithm to related data
collected from MDO Niger. Then, numerical simulations of the proposed model allows discussion about differentiation
between regions with respect to the threat of measles outbreak.

3.1 Results

Using data of Table 1, we estimate the vector parameters θm by Metropolis-Hasting MCMC sampling, the
proposal density is a random walk chain. It is well know that rejection sampling takes a long time computationally,
so we performed 100, 000 iterations to constitute a sample from the posterior distribution. The first 10, 000
iterations were discarded as the burn-in period. We aggregate our results in the following Table 2.

It follows from these data that Tahoua and Zinder regions are the most affected, followed by the Agadez region.
These regions remain potentially vulnerable with the highest Rp values for years to come. The Maradi region,
between two high-risk regions, is not spared from the threat. In Niamey region, as well as in that Agadez region,
measles epidemic is likely to spread very quickly, if the response is not immediate, because the Rp value is
relatively high and the vaccination coverage value small in these regions. But these regions, as well as Diffa and
Tillabery regions, are less affected by epidemics, due to their low birth rates.
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Table 2. Estimated parameters measles epidemics 2018 in Niger regions

Regions I0 γ µ β Rp
Agadez 110 0, 49 0, 00283 4, 054× 10−5 4, 51
Diffa 66 0, 61 0, 00253 5, 516× 10−5 2, 76
Dosso 31 0, 73 0, 00346 2, 124× 10−5 2, 00
Maradi 119 0, 67 0, 00168 0, 814× 10−5 2, 22
Niamey 86 0, 61 0, 00191 1, 810× 10−5 3, 85
Tahoua 163 0, 64 0, 01472 0, 989× 10−5 3, 42
Tillabery 71 0, 64 0, 00693 1, 053× 10−5 1, 80
Zinder 576 0, 67 0, 00165 1, 390× 10−5 2, 75

Fig. 8. shows distribution of estimates of Rp and reported cases 2018 in Niger regions taken from MDO database.
The shading intensity reflects high levels of reported cases in indicated regions, e.g. Maradi, Tahoua and Zinder.
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MCMC algorithn convergences are plotted in Figs. 9 to 12. for each region. Convergences were visually assessed.
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3.2 Simulations

For the simulation, we used marginal distributions of (Ck)1≤k≤26 and (Dk)1≤k≤26, defined in equations 10 and
11, given parameters θm = (I0, β, µ, γ) and θe = (S0, δ, n, p) with estimated values. Here, Ck is the number of
new infections occurring during the time period ]k− 1; k[, not to be confused with Ik, the number of infected at
time k.

The process (Ck)1≤k≤26 (biweekly cases) is perturbed both by the report rate ρ and health services response to
the epidemic, to give reported cases. See Figs. 13 & 14, two samples paths of simulated cases (in blue and red),
reported cases 2018 (solid line) and simulated cases means.
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Fig. 13. Tendency measles epidemic 2018
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Fig. 14. Tendency measles epidemic 2018

3.3 Discussion

In Niger, Measles incidence presents a seasonal cycle with a period varying from 1 to 3 years and increased
incidence coinciding with the dry season [7, 8, 9].

Mathematical models allow a better understanding of the dynamics of disease spread in a population. However,
these models depend on many parameters, which often limits their range in statistical analysis of epidemic
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spread. Among them, we can quote difficulty in data collection processes, estimation of statistics parameters,
estimation of the correlation between random parameters, numerical resolution of partial differential equations
or stochastic differential equations, with a natural problem of discretization of functions, etc.

Our results should start a discussion and could aid the stakeholders to design strategic vaccination coverage for
each region in Niger. In such a process, it is very important to explain the transmission coefficient of the disease
and the effective reproduction number. We suggest to consider the vaccination coverage (VC), the vulnerable
age group, and the number of cases reported in the 8 regions. Under this scheme, only the vaccination coverage
variable seems to explain better these two parameters, as shown in Fig. 15. Here, we refer to the dots Az for
Agadez region, Da for Diffa region, Do for Dosso region, Mi for Maradi region, Ta for Tahoua Region, Ty for
Tillabery region and Zr for Zinder region.

It appears that Tahoua, Maradi, Tillaberi, and Diffa regions show a large trend. Meanwhile, the last two regions
remain less threatened due to the low value of Rp in these regions.
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Fig. 15. VC compared with transmission coefficient

4 Conclusion

Measles epidemics are less recurrent in regions with low birth rates such as Dosso and Diffa regions, except
for Niamey region, which has a high rate of seasonal migration. Measles remains endemic in Niamey, Tahoua,
Tillabery, and Zinder regions, despite a fairly high vaccination coverage in these regions. Three essential factors
have been noted in the emergence of epidemics in these regions: seasonal migration which may concern the age
group from 0 to 15 years old, low vaccination coverage, and the relatively high birth rate for regions with low
vaccination coverage.

We note here the important role of demographic parameters and response strategies in the spread of an epidemic.
Outbreak response services need to take this into account to enhance prompt reactive intervention toward
morbidity reduction. The target vaccination coverage given by the WHO is 95% to prevent the population
against the spread of measles. At the national level, only 68.7% of children receive the measles vaccination
before they turned 1-year-old [14]. Coming to the full vaccination coverage, it was estimated at 52.0% with
4.1% of children having never received any vaccination [26].
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Our work in this paper is restricted to a closed population, but we are in the process of extending it, to take
immigration into account and see its impact on measles outbreaks in certain border regions of the country where
the migratory flow is significant. Indeed, these regions(like Agadez, Tahoua, Zinder, Tillabery) which are refugee
camps seem to be very vulnerable to measles outbreaks. The WHO recommendations suggest that vaccination
interventions should be concentrated in closed high-risk populations such as refugee camps or schools [27], [28].
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