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Abstract

In this paper, we implement Regular Perturbation Method (RPM) of the Solving fractional diffusion-reaction
equation, in order to determine the exact analytical solutions of some linear fractional diffusion-reaction
equation. In general, the solving using this method allow to obtain exact or approximate solutions. For the
case of the diffusion and diffusion-convection equations solved in this document, the solutions obtained are
exact. By comparing these solutions with those obtained by other researchers using other methods for a
certain value of the parameter «, we obtain the same results.

Keywords: Linear fractional diferential equation; reqular perturbation method; Mittag-Leffler; Caputo fractional
derivative or integral.

2010 Mathematics Subject Classification: 05A17, 11B73, 05A18.

1 Introduction

Today, the notion of fractional calculus is essential in the resolution of partial differential equations. Indeed,
several researchers have applied it to several methods such as the method of Adomian, the Homotopy Perturbation
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method (HPM), etc. However its application remains partial and fragmented. In this document, we will attempt
to apply it using the Regular Perturbations method for solving linear fractional diffusion-convection equations.
The objective of this work is to find solutions to fractional equations using the Regular Perturbations method for
0 < a < 1. Secondly, we will compare the solutions obtained with the solutions resulting from another resolution
method in a previous search for a given value of a. « is defined in the problem below. Searchers such as Y.
MINOUGOU have already solved the case where av = 1 with several methods [1, 2, 3, 4, 5].

Let be the following fractional equation (P):

ot>
u(z,0) = g(z)
(z;t) € Q=R x [0,+00[ and u (x,t) € L? (Q)
where ¢ is any function dependent only on z, and f. is a continuous function. f. can be the right-hand member
of a fractional diffusion- convection equation for example, where € is the pertubation coefficient, with 0 < ¢ < 1.

- { M@t _ ¢ (4 (1)) where 0< a < 1;

2 Preliminaries

In this part, we will recall some very important notions that come into play imperatively in fractional calculus.
These are the notions of gamma functions, Beta and Mitag Leffler function as well as some notions of convergence
and of solution uniqueness.

2.1 Gamma, beta and mittag lefler functions

2.1.1 Definition 1 [6]

The Gamma function is a function on ]0;1[, defined by the following integral:

T'(s) = f0+°° e 't*"'dt; s € C and Re(s) > 0. Thus: T'(1) = 1;
I'(s) is a monotonous and strictly decreasing function for 0 < s < 1.

2.1.2 Property 1:

s> 0, T(s+ 1) = sT(s); r(%) _ /R

Yn eN, I'(n+1) =n!; with 0l = 1.

2.1.3 Definition 2 [6]

The Beta function is the function defined by:

Bu,v) = /01(1 —2)“ 2 Ny

where Re(u) > 0 and Re(v) > 0.

91



Yiyuréboula et al.; JAMCS, 37(10): 90-104, 2022; Article no.JAMCS.9380/

2.1.4 Property 2:

Vu € C ; Vo € C where Re(u) > 0 and Re(v) > 0,

Thus:

2.1.5 Definition 3 [7], [8]

For s € C, the Mittag-Leffler function denoted E,(s) with a > 0 is defined by:

+oo Sk
E, = E -
a(s) T(ka+1)’
k=0
when it depends on a single parameter a.

2.1.6 Property 3:

Vs € C where Re(s) > 0, we have:

Ey(s) = e°, Ea(s) = ch(y/s) where ch denotes the hyberbolic cosine.

2.1.7 Property 4:

Vs € C where Re(s) > 0, the Mittag-Leffler function is indefinitely derivable.

We have:
(m) ~— st
E™ (s) = kzzok(k —1)(k—2)...(k —m+ 1)m with m € N;

where E,(;”) is the m-th derivative of E, dependent on a single parameter a.

2.1.8 Definition 4 [6]

Let considere f € L'([0,T]),T > 0. The Riemann-Liouville fractional integral of the function f of order a €
C, (Re(a) > 0) noted I, is defined by:

Inf(z,t) = 1)/Ot(t—r)aflf(ac,r)drgt>O;IERA

()

2.1.9 Definition 5 [9], [10], [6]

Let considere f € L'([0,7]),T > 0 a integrable function on [0,7]. The fractional derivative in the sens of
Riemann-Liouville of the function f of order o € C, (Re(a) > 0) noted D, f is defined by:

1 d

Daflwt) = T(1—a)dt

t
/(t—T)_af(%T)dT;t>0;weR.
0
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2.2 Concept of convergence and uniqueness of the solution

Let’s consider the problem (P) defined by:

ot
u(z,0) = g(x)

with its solution in the form:

(P){ 6ui(ac’t):fe(mu(:v,t)) where 0 < a<land 0<e< 1;

+oo
u(z;t) = Zanun(x, t),
n=0

where g(z) € C(Q).
we obtain:

= n = n 1 ¢ a—1 = n
;}s Un(z,t) :;5 un(m,0)+m/o (t—1) fr, ;6 Uun (z, 7))dT

As f is linear, we obtain:

“+o0 “+oo +oo t
Zs”un(x, t) = Zs”un(m, 0) + Zs” F(la) / (t — 1) f (7, un(a, 7))dr.
n=0 n=0 n=0 0
2.2.1 Proposition [10], [6], [7], [8]
, . . . . . . d%u ou
Let’s suppose (P) is a linear diffusion-reaction equation, where u(z,t) € C(Q?) and f = Erel + )\% +yu €
2
C2(Q)with @ = Rx [0;¢] and 0 < 7 <t < T < 400 63 M = sup | 4B N = qup |2427)] 40g
z, TEQ 81:2 z,TEQ Oox
2
m = sup |u(z,7)| such as: Vz,7 € Q, ‘% <M, ‘w < N and |u(z,7)] < m,n > 0, then the
z, TEQ T xr

+oo
series (E e™un (z, t)) is convergent and the solution of the equation (P) exist and is unique.
n=0

2.2.2 Proof
+oo

Let’s first show that the series (Z e™un(z, t)) is absolutely convergent.
n=0

Let’s consider the associated algorithm below following the values of €™ which permit to obtain:

e Juo(z,t)| = |u(z,0) + %@ fot(t — )t (A% +’VU()($,T)) dr
el ju(a,t)| = ﬁ fot(t -7yt <8 uaoif’T) + Aaula(i:’T) +’Yu1(13,7')> dr

02 0
2 Jua(a,t)| = F—f&(t—r)“*( S A “2§;’T)+w2(m,7)> dr

e un(z,t)| = () fot(t — )t ( D2 + A p + ’yun(az,‘r)> dr
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AN +ym)T*
0. < (7
€ luo(z,t)] <m + T(a+1)
M + AN +ym)T*
1 . < (
€ |U1($,t)‘ = F(a+1)
— 5 (M + AN +ym)T*
: <
€ |’LL2({E,t)‘ — F(a+1)
) (M + AN + ym)T"
i Jun(z, )] <
e fun(z,1)| T(a+ 1)
We have: | 3 e" <mt S e ((MAAN +7K) = 1
e have: nZ::OE un(x,t)' _m+n§06 (( + +v )m)
< M 4 AN 4 1K) — T
_m+<( + AN +v )m) 2

. ((M+AN+7K)F(QT7:1))

, because 0 < ¢ < 1
1-¢

n=0

400
> E"un(ac,t)‘ <m+

+oo
As a result, the series ( > eun(z, t)) is absolutely convergent therefore convergent.
n=0

Let’s show now that equation (P) admits a only one solution which is written in the form:

u(x, t) = u(x, O) + Ia (f(T, u(m, T))
where I, (f) denotes the fractional integral of { defined by:

Lo (f(r u(z, 7)) = ﬁ =7 f (1 ule, 7))dr

Suppose there are two distinct solutions u(z,t) and v(zx,t) such that:
there is w(z,t) = u(z,t) — v(z,t) #0

Considering the following algorithms of v and v :

ox?
Avo(z,T)

Ox?

uo(z,t) = u(x,0) + Fioz) fot(t — )t )\% + yuo(z, 7—)) dr
1 e 0uo(x,T) Oui (z,T)

ui(z,t) = o) fot(t )t < 9 + A o +’yu1(1:,‘r)> dr

2
wnle0) = g Jote =)ot (Tt 20T 1)) ar

vo(z,t) = v(x,0) + ﬁ fot(t — 7')a_1 (A o + 'yvo(x,r)) dr

i@, t) = — fot(th)a’l(a ”O(x’T)+A8”18(i’T)+7m(m,T)) dr

1 2 n— n )
onant) = g o=t (LB 00T o a,m) ) ar
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We have:
wo(x,t) = w(x,0) + ﬁ Jit =7yt A% +’yw0(x,7)) dr =0
R S P 0% wo(x, ) Ows (z,7) B
wi(x,t) = (@) INGEED) ( 902 + A o +ywi(z,7) | dr =0

S o
wn(z,t) = T fot(t — )t ( v 8;2($7T) + A wa(;:’T) +7wn(x,7—)) dr =0

Because from the conditions to the limits, it happens that

u(z,0) = g(z) = v(z,0) = w(z,0) = u(z,0) —v(z,0) =0

with ug(z,0) = u(z, 0);vo(x,0) = v(z,0) and wo(z,0) = w(z,0).

In addition, wo(z,t) is a function of w(zx,0) Vt € [0, +00[

Where from w(z,0) =0 = wo(z,7) = 0 V7 € [0, +00[ = wo(z,t) = 0;absurd.
w1 (z,t) is too a linear function of w(z,0) = w1 (x,t) =0

As a result wn(x,t) = 0 = un(x,t) — vn(z,t), Yn > 0.

Thus u(z,t) = v(zx,t), we deduce the uniqueness of the solution of equation (P).

3 Applications

3.1 Resolution of fractional diffusion-reaction linear equation [11]

Let(P)betheproblemtobestudiedde finedby :

0%u (z,t) 0%u (x,t) ou (z,t)
(P): T B
u (2;0) = sin (wz)

+yu (z,t) where 0 < e K ;A >0;v>0and 0 < <1

(x,t) € Q=R x [0, 400 and u (x,t) € L? (Q)

+oo
Finding the solution in the form: u(z,t) = > e"un(x,t) (1)
n=0
le 2
Let’s posing: L(u(z,t)) = % and Ru (z;t) = 68 gg’ ) + )\aua(z, ) + yu (z,t)

By applying L™! to the equation (P),we obtain:

u(z,t) — u(z,0) = L™ ' Ru(z,t) with L' = I,

+oo Too
Which equals: > eun(x,t) = u(z,0) + IR ( > eun(z, t))

n=0 n=0

+oo
or > e"up(x,t) = u(x,0) + Ia (Z nt1 0 ug(f t) Jr)\z n

n=0

“+ o0
280 4o E et )
n=0

The following equations are obtained successively:
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€

This is equivalent to solving the following equations:

uo(x,t) = Io (AW + yuo(z,t)
x
0uo(x,t) Ouq (z,t)
ui(z,t) = I < D + A o + yu1 (z, t)
uq(z,t) Oug(zx,t)
uz(z,t) = Io ( D +A % + yuz(z,t)
Duz(x,t) Ous(z,t)
uz(z,t) = Ia ( 9 + A % + yus(z,t)
0?us(z,t) Ous(x,t)
us(z,t) = Io D +A D + yua(z,t)
_ 0 un_1(z,1) Oun(z,t)
Un(z,t) = Ia < 2 +A % + yun(z,t) ) ;
9 uo(f’ o Aau‘gz’t) + yuo(, t)
uo(z,0) = sin(wz)
0%ui(z,t)  0uo(z,t) Ouq (z,t)
ot T Ox? A oz ()
ui(z,0) =0
0%uz(z,t)  0ui(a,t) Ouz(zx,t)
. . B
uz(z,0) =0
0%us(z,t)  Oua(z,t) Ous(z,t)
Y R P L)
us(z,0) =
0%us(z,t)  0us(z,t) Oua(z,t)
e T a2 TN ap )
ua(z,0) =0
0%un(z,t) un—1(z,t) Bun(:c t)
= in 2>
ot gz ATy trwm@thinzl

el
e? .
ed .

Un(z,0) =0;n >1

Let’s solve the system &°:

9%uo(z,t)

Auo(x,t)

ote

In Caputo’s sense, the solution to this equation is in the form:
fo (t — 1) f(r,uo(z, 7))dr

ug (z,t) —

As f(T7 uo

uo (z,t) —uo(z,0) =

uo(z,t) =

Thus : {

:>‘ +'yu0(x,t)

ox

uo(z,0) = 1

(@)
(2, 7)) = A220lBT)
oy ot -

7)

+ ~yuo(z,7) ,then,

a—1
T ox
—+o0
> uoy (z,t)
k=0

o, (z,t) = uo(z, O) = sin(wac)

U0, 4, (T,1)

fo t—7 >‘ or

Ouo(z,T)

Auo,, (z,

with wuo(z,0) = sin(wz)

+ yuo(z, ))dr

7)

+ ~yuo,, (,7))dT
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We obtain after calculation:

U, (x,t) = sin(wx)

N(a+1)
w0, (z,t) = (2 sin(wz) — Aw? sin(wz) + 2y w cos(wz))

uo, (z,t) = (ysin(wz) + Aw cos(wx))
2
T(2a+1)
uog (2,t) = (7 sin(wz) — A3w? cos(wz) — 3yA%w? sin(wz))
t3(1
T(3a+1)

o, (7,t) = (v* sin(wz) + Mw* sin(wz) — 423yw® cos(wz) — 6A2y%w? sin(wz)
4o

+3wy? )\ cos(wz))

3 e —
+4 Ay w cos(wz)) T(da 1)

—+o0

We have:  wo(x,t) = Y uo, (x,1)
k=0

Where from:

uo(z,t) = sin(wz)(1 +

(%) (yt*)? (yt*)? (yt*)* )
Tlat+1) T(2a+1) T(Ba+l)  Ddat+l)

. 1 (7t%) (yt*)? (yt*)?
+(Awt )Cos(wx))(r(a+1) +2F(2a—|—1) +3F(3 1) 4F(4a+1)
(

a2 1 (vt*) yt)? (vt*)?
~Owt) i) (55 Y3 Bas D) T T e D) T T Ga s

—()\wta)?) coS(UJCC)(( F(ilt? 1) F((;Otéa-‘!)‘ 1) + )
+

+.)

+.)

+4 + 10

I(3a+ 1)

.\}\.7e obtain: o (o) 00 fo(y2)*
. ° (t* o x k(i)
uo(z,t) = sm(wx)kz;o Flka+1) + (Awt )COS(Wx)kz::lm

L _ a\k—2 0o _ . ark—3
—(Awt™)? sin(wx)i % (/\wta)g’cos(wx)i k(k—1)(k —2)(+t%)
+...

i=> 20(ka+1) k=3 6T (ka +1)
= uo(x,t) = sin(wz) Ea (11%) + cos(wx)%ﬁ?(l)(’yt")

(Awt*)3
3!

a2
— sin(wx)%E&m(’yt“) — cos(wx) E(g)( ) + ...

We finaly obtain:

+oo a2k
UQ(I,t) = sin(wx) _1)kMEé2k)( ta)

S e
oo wt®)2Ft 2k+1
+cos(w:c)k20(—1)k7()(\2l:+) ] E( bt )(fyt"‘)

Let’s solve the system &' :
0%ui(z,t)  0uo(z,t) " )\aul(x,t)
ote T Ox2 ox

+ yui(z,t) with ui(z,0) =0

In Caputo’s sense, the solution to this equation is in the form:

i (2,8) =1 (2,0) = s fy 6= 1) f (o)

8 uo(z, t) n /\aul(x,r)
Ox? ox

As f(r,ua(z, 7)) = + ~yui(z,7) ,then,
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wr (o8) = (@0) = s f3t - et t) O]
wi (e, t) = :zoj)ulk(m,t)
Thus:
ury (@, ) = wi(z,0) = 0 ]
{ ut,y, (2,t) = ﬁ Jie =12 "g;g“’*“ - Aaulﬂa(;”) +yu, (2, 7))dr

We obtain after calculation:

uiy(z,t) =0
U1q (JL', t) = —w2 sm(wx)ﬁ )
u1, (2,t) = (=2 w® cos(wz) — 2yw? sin(wx))m
t3(1
w1 (2,t) = (3X2w* sin(wz) — 3v*w? sin(wz) — 6Ayw? cos(wx))m
u1, (z,t) = (4X3w® cos(wz) — 4y3w? sin(wz) — 1227w cos(w)
t4o¢

2. 4

+12X % yw sm(wx))F(4a ey

“+o0
We have:  wui(z,t) = > ui, (x,1)
k=0

o 1 205t%) . 3(yt%)?
uy (2,t) = —(w't )Sm(WfL’)(F(a 1) + I'(2a +1) + I'(3ac+1)

4(yt%)° 5(yt*)*
Yot T TEary T
3,20 2 6(~t%) 12(yt%)*  20(yt*)°
~O ) coswr) (G Ty Y T a1 T Ta 1) T Tha T 1)
+M + )
T(6a+1)

2 4,30y 3 (0t7) oy
+ (A wt )51n(wx)(r(3a+ 0 +12P(4a+1) +3OF(5a+1)

(yt*)*
HOOR )

3 5ida 4 (t*) (vt*)?
+(\w’t )cos(ww)(r(4a+1) +20F(5a—|—1) +60F(6o¢+1) +...)

— (M) sin(w) (> +30F(w) 4.

T(a+1) (6a+1)
_l’_
We (‘).t.)tain: N avk—1
uy (z,1) = —(wt*) sin(ww)k;k%
(Aw?t2) 2 k(k — D(yt)"
—r s T )
(A2t tep ()"
g sinen) S k(= Dk = 2) s
()\3w5t4a) +o0 (’Yta)k74
JrT cos(wm)éf(k - Dk —=2)(k - 3)m
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4w6 S5a o hs
_% sin(wx):;k(k ~1)(k —2)(k — 3)(k — 4)%

_|_
... This gives: w1 (z,t) = —(wzta)[sin(wx)Eél)('yto‘) + ()‘“it )

a2 a\3
7()\“; ) 7(/\“; ) Ec(f‘) (yt*) + sin(wz)

cos(wm)E,g?) (vt*)

(Awt™)?

E®) (4t*) — cos(wz) 1

—sin(wz) E((f)('yta) +..]

We finaly obtain:

us (z,t) = —(w?t®) sin(wx)f(—nkwm%“)(yta)

#=0 (2k)!
oo wt®)?FT opis
f(tha)cos(wx)gO(—l)k%Eg 2 (%)

Let’s solve the system ¢2 :

0%uz(z,t)  0%ui(z,t) n Aauz(x,t)

ote Ox? ox

+ yuz(z,t) with ua(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of u1, obtained in ', we obtain after
calculation:

uzy(z,t) = uz, (z,t) =0 .

Uz, (2,t) = w! sin(wx)m

uzg (2,) = (3M® cos(wa) + 3y smm))%

uz, (2,1) = (67°w" sin(wz) — 63°w" sin(wz) + 12Xy coS(wm))%
uzs (@) = (10y°w* sin(;;x) — 10X\3w7 cos(wz) + 30Ay2w® cos(wz)

— 300240 sin(w)) m

+oo
With ua(z,t) = > ug, (z,t) , we obtain:
k=0

1 3(7t*) 6(7t*)?
F2a+1)  T(Ba+l) ' Tda+1)
10(yt%)*  15(y¢*)*
F'(ba+1) T(6a+1)

(%) (yt*)?
Gat D) PTlarD " TGa+1)

(vt*)?
0 r 60+ 1)

2 6rday o 6 (%) (yt*)?
—(A\wtt )sm(ww)(r(4a+1) +30F(5a+1) +90F(6a+1) +...)

_()\3w7t5a)cos(wm)(r(5io+ 0 + GOF(ESZ:—) 0 +...)
Jr

us (z,t) = (w't?*) sin(wz)(

+

+.)

+ (A5 t3*) cos(w))(

+.)

We have:
(P2 ek = 1) ()

sin(wac)kg2 Tlha + 1)

uz (z,t) =
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(/\w5t3a) 400 3 3 (’yta)k_3
e cos(wx)k:;c(k 1)(k 2)7F(ka Y
_()\2w6t4a) . 400 B B B (,yta)k74
TN sm(wa:)g:;k(k 1)(k—2)(k—3) ThatD)
B ()\3w7t5a) ‘ 400 3 3 3 3 (’yto‘)k_5
T Cos(wm)kZ::Sk(k 1)(k—2)(k—3)(k—4) 711%06 1
+
This gives:
2 0\2 feY )2
uz (z,t) = (w; ) [sin(wz) BS (v1%) + %cos(wx)Eg”(W) —sm(wx)%m@wa)
a3 a4 ’
— cos(wm)wEgs)('yta) + sin(w:v)%ﬂg}) (vt*) + ...]
We finaly obtain: )
_(Wr)? tee QW) ke
ua(z,t) = 3 sm(wm)kZO( 1) oh)! E; ()
(w2ta)2 400 B k(}\wta)QkJrl (2k+3) N
+ cos(wz) Y (1) N Eg (yt%)

=

=0

Let’s solve the system & :
O%uz(z,t)  Oua(z,t) Ous(z,t) . _
e = +A o + yus(z,t) with uz(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of uz2, obtained in €2, we obtain after

calculation:

u30(x7t) = Uz, (:E?t) = U3y (l‘,t) =0
t3a

U3z (IL', t) = —UJ6 sm(waz)m
t4a

— (=4 7 —4 6 _: s

us, (z,t) = (—4 w’ cos(wz) — dyw sm(ww))r(4a+ )

S5a

uz, (7,1) = (10328 sin(wz) — 1072wE sin(wz) — 20 yw” cos(wm))m

uzg (7, 1) = (200\3w° cos(wz) — 2073wE sin(wz) — 60Ay2w” cos(w)
6o

2. 8 t
+60A“yw s1n(o.)av))1_‘(6aJr 0

We have :  us(z,t) = ]§U3k (z,t)
_ 6,300\ ot 1 4(715&) 10(’Yta)2
us (1) = (=) sin(wa) (5 =5 + Taa 1) F Tat D
2000)* | 35(y%)* )
T(6a+1)  T(Ta+1)
() (vt*)?

744 4
X coswn) (Fr Ty T 20 51 D) T O G D)

a\3
4—140L +...)

—+

I(Ta+1)
2 8:5a 10 () (vt*)?
— (=AWt )sm(wa:)(r(5a+ ) +60F(6a+ 0 +210F(7a+ 0 +..)
(= A3w¥¢69) cos(wx)(% + 140% +.o)+ .
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We obtain: - N o
us (z,t) = % sin(wx)kzzék(k —1)(k — 2)%

— OJ7 - -y a\k—4
% coS(wx):§4k(k —1)(k —2)(k — 3)%

(NP e (1)~
— 5131 sm(wm)kgf(k —1)(k—-2)(k—3)(k—4) T(ha £ 1)

_ 3w9 6a 0o k6
‘% Cos(w@:;k(k = 1)k = 2)(k = 3)(k — 4)(k — 5)%
+

+

This gives:
()’
3!
Awt™)?
3!

(Awt®)?

u3 ($7t) = 21

[sin(wm)E(gS)('yta) + @ cos(wz) ESY (vt*) — sin(wz)

a4
EY (vt*) + sin(w:v)%

E (%)

— cos(wzx) E{ (vt*) + ...]

We finally obtain:

(—w?t)? tee QW) okrsy
= sin(wz) 0( 1) 25! Eg (7t*)
o Q) ok o
cos(wz) :0( 1) CTE] E (7t*)

—
&

Wl o w
o=
Q
N
w

T

Let’s solve the system & :
0%uq(z,t) 0%uz(x,t) n A8u4(ac,t)
aote T Ox2 Ox

+ yua(z,t) with ua(z,0) =0

Using the same approach of resolution as in €° and e'and using the values of u3, obtained in 2, we obtain after
calculation:

Uso (T, 1) = uay (2,1) = ua, (2,1) = usg (2,1) =0

t4a
P
Uy, (z,t) =w sm(wx)r(4a )
S5a
uay (z,t) = (5Aw® cos(wa) + 5yw® sin(wm))m 6
usg (,1) = (1572w® sin(wz) — 15A%w™ sin(wz) + 30\ yw® Cos(wx))m
way (2, 1) = (3573w sin(wz) — 353w cos(wz) + 1051w cos(wz)
t7a
—105A%yw' si —
Yw sm(ww))r(?a 1
+oo
We have: wua(z,t) = > ua, (z,t)
£=0
1 5(+t%) 15(yt*)* | 35(yt*)® | 70(yt%)*

us (1) = (@) sinwn) (55 + 50t T TGa D) T TFa s D) T TEatD T

a)2 a)3

1) cos(wn)) (0 gy 30P(g§1) ot 105“(7”5 Tt 280% +.)
2 1046a) o 15 () (vt*)*

(ANt )sm(wm)(r(Ga ey + 105F(7a Y + 420F(8a 1) +..)

—(Aswntm)cos(wx)(rwzi 0 + QSOF(é’Zjl) +..)
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‘We obtain: 5 ond . -
) Gin(wm) S k(k — 1)(k — 2)(k — 3)%

ug (x,t) = — =
9,5 0o s
+()\wa) coS(w:E):gsk(k —1)(k—2)(k—3)(k— 4)%
2 1046 o -
A sin(en) 5 k(= )0k 2)(k = 3) (6 — ) - 5>r((7£ai)+1)
()\3w11t7a) +;o (,yta)k—7
— gy eos(wn) LRk = 1k = 2)(k = 3)(k = )k = 5)(k = 6) Ty
We have:
ug (z,t) = %[sin(wx)]ﬂ&l)(yt“) + (Awt®) cos(wa) ES) (1t%) — sin(wx)%]ﬂff) (7t%)
ME&& (1) + ..

a)3
— cos(wx)wTﬁ)Eg) (vt*) + sin(wzx) 1

We finally obtain:

(—wt)! o e Q) oy o
= 1) ———F,
ua(z,t) 4é 4sm(wx)kgo( ) k)] = (™)
—w 1 Awt® k o
+( 1 ) cos(o.)w)];;o(—l)kﬁE&2 ) (41
From close to close, we obtain:
WP +o0
up(x,t) = (-w't?) sin(wz) 3 (=1)F (wt?) EGFTP) (412
s S0 ek 3)
wt*)? +oo Awt®
( ' ) COS(UJJZ) (_1)k ((Qk —2 1)' &Qk-HH-l)( ta);p >0
k=0 :
lim  @n(z,t)

ePup(z,t), with: u(x,t) = m
= n—-+0oo

Let’s posing: ¢n(z,t) =
p=0

The solution of the equation (Ps) is:
a2k
k (Awt ) E(2k+P) (’Vta)

u(z,t) = lim zn: e? [M sin(wx)%(fl) —
’ n—+oo p=0 p! k=0 (2]{)' «
(WP T QW) oy e
-— 3 _1 Ay
st 5 (-0 () ]
. . n (_Ew2ta)p “+o0 k(}\wta)Zk (2k+p) N )
= u(x,t) = sin(wz) lim -~ R ) A A T t
(o.0) = sinfas) tim 3 (2R 58y B (1)
Pioe g (Qwt) é2k+p+1)(,yta)>

(et
+cos(ww)n£riloop2=:0 (Tkgo(_l) T2k + 1)
_ wg QNP 400 w a2k 2t p o
(2SS Qo e )
(Mf(q)k Qut)™ 7 et (vta))

We finaly obtain:
t) = si li
u(z, t) sm(w:c)n_{riloopzz:o
+COS(W.’L') llm Z W

n—>+oop:0 p! k=0

Note: For a = 1, we have: B2 (yt*) = EZkP) (yt*) = et
u(x,t) = e(r—ew®t sin(wz + Awt) (4)

Thus, this solution is the same as that obtain by Y. Minougou in his thesis [1], [2], [3], [4], [5] where he used the

Adomian method with oo = 1.
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3.2 Numerical results

We take a =1

If w=1;e=0.1;y=1and XA =1, the approximate values of u(z,t), with z in line and ¢ in column, are:

t:
0.1 0.2 0.3 04 0.5

0.1 0.04860 0.14460 0.28581 0.46916 0.69069
0.2 0.07230 0.19054 0.35187 0.55255 0.78802
0.3 0.09527 0.23458 0.41441 0.63042 0.87749
0.4 0.11729 0.27627 0.47281 0.70199 0.95812
0.5 0.13814 0.31521 0.52650 0.76655 1.02931

Thus, we find that u(z,t) is an increasing function of x and ¢.

4

Conclusion

The resolution of fractional equations by the Perturbation method regular is very tedious because it requires
much more vigilance in calculations. The use of the Mittag-Leffler function is essential. In the event that a = 1,
the solutions become simpler because they appeal to the exponential function. In short, the method, although
tedious, is very effective because it provides solutions to most linear partial differential equations. However, it
requires mastery of the basic notions of numerical series. In addition, we have in perspective to apply it to the
nonlinear equations.
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